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ABSTRACT
The subject of spherical expansions has been of interest for 
over a century but remains of continuing concern, for the most part, 
in that an exact solution to the expansion of a uniform sphere of gas 
into another gas as a result of a density differential has not been 
obtained. This work presents several approximate solutions for 
spherical explosions and implosions into a rarefied gas. Two limiting 
cases are analyzed by means of two different theories of gas dynamics.
The kinetic theory of gases is used to find large Knudsen- 
number solutions. Further knowledge of multi-species kinetic theory 
is obtained by examining the effects when different species are inside 
and outside the sphere for a sphere initially at rest. The effects of 
diffusion and other transport properties are discussed. For a simpli­
fied case with both gases identical except for an initial density dif­
ference, the embryonic formation of a spherical shock wave is examined. 
The collisionless solutions are compared with solutions obtained from 
inviscid-acoustic theory. Also for large Knudsen-numbers a solution of 
the Boltzmann equation is formulated in order to obtain first-order 
collision effects.
For the limit of small knudsen numbers the problem is examined 
by means of a viscous acoustic solution from the linearization of the 
Navier-Stokes equations about a uniform ambient medium obtained by 
Laplace-transform techniques. Both short-time and long-time solutions 
are presented.
iv
TABLE OF CONTENTS
Page
ACKNOWLEDGMENTS............................................. ü i
ABSTRACT................................................... iv
LIST OF ILLUSTRATIONS........................................vil
NOMENCLATURE...............................................  %
Chapter
I. INTRODUCTION........................................  1
II. THEORETICAL CONCEPTS................................  8
Theory of Gases .................................... 8
Kinetic Theory...................................... 10
Statistical Concepts................................  11
Flow Field Properties ..............................  14
The Kinetic Equation................................  15
III. EXPANSIONS FOR LARGE KNUDSEN NUMBERS.................  18
Solution to the Collisionless Kinetic Equation.......  18
Macroscopic Flow-Field Properties ................... 20
A Sample Calculation................................  24
Behavior of Flow-Field Properties ................... 28
Transport Properties................................  39
Non-Equilibrium Indicator ..........................  46
IV. EMBRYONIC SPHERICAL SHOCK WAVE DEVELOPMENT...........  51
Basis for Analysis..................................  51
Three-Dimensional Results ..........................  56
Spherical Shock Analysis............................  57
Inviscid Acoustics for Spherical Explosions .........  59
Strong Explosions ..................................  64
Strong Implosions .................................. 66
H-Function and Entropy..............................  67
V.. NEARLY FREE MOLECULE FLOW EXPANSIONS.................  70
TABLE OF CONTENTS (Cont'd.)
VI. EXPANSIONS FOR SMALL KNUDSEN NUMBERS................... 78
The Viscous Acoustic Equation ......................  79
The Laplace-Transform Solution.........................81
Analytical Short-Time Solutions ..................... 85
The Long-Time Solution................................ 89
VII. CONCLUDING REMARKS.................................... 92
REFERENCES................................................... 95
OTHER SOURCES............................................... 96
APPENDICES
A. BASIC INTEGRAL RELATIONS........................... 98
B. ASYMPTOTIC VALUES OF FLOW-FIELD PROPERTIES.......... 101
C. ANALYTICAL EVALUATION OF (g-e)e...................108
D. DERIVATION OF THE VISCOUS ACOUSTIC RELATIONS. . . .  HI
VI
LIST OF ILLUSTRATIONS
Figure Page
I-I. Initial Spherical Distribution.......................  1
3-1. Spherical Coordinate System in Velocity Space ........ 26
3-2. Translated Spherical Coordinate System in Velocity
Space.........................................  27
3-3. Case 1 Free-Molecule Variables for A = 0.1 at = 0.2. 30
3-4. Case 1 Free-Molecule Variables for A = 0.1 at = 1.0. 30
3-5. Case 1 Free-Molecule Variables for A = 10 at = 0.2 . 32
3-6. Case 2 Density for A = 0.1, m,/m_ = 0.069, and
= 0 . 2 ............... \     34
3-7. Case 2 Velocity for A = 0.1, mu/m_ = 0.069, and
Tj = 0 . 2 .................   / ..................  34
3-8. Case 2 Temperature for A = 0.1, mu/m. = 0.069 and
Tj = 0 . 2 ................... \     34
3-9. Case 2 Heat Flux for A = 0.1, m,/m„ = 0.069, and
Tj = 0 . 2 ..................      34
3-10. Case 2 Radial Stress for A = 0.1, mu/m. = 0.069, and
Tj = 0 . 2 ...................... : .............  35
3-11. Case 2 Angular Stresses for A = 0.1, m^ /ra., = 0.069,
and t  ^ = 0.2.......................^...........  35
3-12. Free-Molecule Variables for a Pressure Difference 
with A = 1.0, m,/m = 0.069, and T\./T__ =1.0 
at Tj = 0.2 . :    .    38
3-13. Free-Molecule Variables for a Pressure Difference 
with A = 1.0, m,/m = 1.0, and T ^/T = 10.0
at Tj = 0.2 . .\ r ...............   38
3-14. Non-Equilibrium Indicator for A = 0.1 at = 0.2 . . 49
Vll
LIST OF ILLUSTRATIONS (Cont'd.)
4-1. Macroscopic Shock-Tube Phenomena in the x-t Diagram . . 53
4-2. Shock-Tube Density Profile for = 10............... 54-
4-3. Shock-Tube Pressure Profile for = 10.............. 54
4-4. Shock-Tube Temperature Profile for A“  ^ = 1 0 ...........  55
4-5. Shock-Tube Velocity Profile for A“  ^= 10.............. 55
4-6. Macroscopic Spherical Shock Phenomena in the r-t
Diagram.......................................  58
4-7. Regions of the Inviscid Acoustic Solution ............ 62
4-8. Comparison of Kinetic and Acoustic Number Densities
for A = 0.6 and x = 0.1........................  63
4-9. Comparison of Kinetic and Acoustic Velocities for
A = 0.6 and x = 0.1............................  63
4-10. Comparison of Kinetic and Acoustic Temperature for
A = 0.6 and x = 0.1............................  64
4-11. Comparison of Velocities for Strong Exploxions and
Expansion into a Vacuum for x = 0.05...........  65
4-12. Comparison of Temperatures for Strong Explosion and
Expansion into a Vacuum for x = 0.05...........  65
4-13. Velocity for a Strong Implosion with A = 10 at
X = 0.05......................................... 66
4-14. Temperature for a Strong Implosion with A = 10 at
X = 0.05...................................... 66
4-15. Non-Equilibrium Indicator for A = 10"^ and x = 0.05 . . 68
4-16. H-Function and Entropy Function for Free-Molecule
Flow, A = 10"^, A = 0, and x = 0.05.............  68
5-1. Collision Plane...................................
5-2. Orientation of Collision Plane......................  71
5-3. Graphic Interpretation of Collisional Distribution
Function...................................... 73
viii
LIST OF ILLUSTRATIONS (Cont'd.)
6-1. Short-Time Density Profiles .........................  88
6-2. Short-Time Velocity Profiles...................  So
6-3. Short-Time Temperature Profiles .....................  88
6-4. Long-Time Viscous Acoustic Temperature Profiles for
Varying Reynolds Number................... 90
6-5. Long-Time Viscous Acoustic Density Profiles for Varying
Reynolds Number..........................  90
B-1. Minimum Temperature at R = 0 as a Function of the
Initial Density Ratio...................... 106
B-2. The Time for the Minimum Temperature to Occur at R = 0
as a Function of the Initial Density Ratio . . . .  106
B-3. Temperature Profiles for A = 0.1 and Increasing Times . 107
IX
NOMENCLATURE
a initial radius of given sphere of gas
a^  isentropic speed of sound
b impact parameter
Cp specific heat at constant pressure
Cy specific heat at constant volume
t. peculiar velocity
3
e specific internal energy of system [j kl/m]
êj unit vector in j direction
ê apse vector
F collision interaction force law
f molecular velocity distribution function
fg initial Maxwellian distribution function
f(n>) mth order approximation of f
'I relative velocity vector
H(z) Heaviside unit step function
H Boltzmann H-Function
H normalized Boltzmann H-Function
J( ) collision operator
collision operator which denotes the net change of species m 
due to collisions with species n
K conductivity coefficient; force constant (Chapter V)
Kn Knudsen number
k Boltzmann constant
L characteristic length
L angular momentum vector
m mass
N non-dimensional number density
n number density
nji^  initial number density inside sphere, i = 1, or outside the
sphere, i = 2
n(^) mth order approximation of number density
P non-dimensional pressure
Pr Prandtl number
p pressure
Pj^  ^ initial pressure inside sphere, i = 1, or outside sphere, i = 2
Q non-dimensional radial heat flux
q heat-flux vector
R non-dimensional radius
Rey Reynolds number
r radius vector
Tq integration constant
r* distance between centers of molecules
Sq non-dimensional entropy
Sjj non-dimensional stress tensor component
s entropy; Laplace transform variable (Chapter VI)
T temperature
T non-dimensional temperature
xi
T-• initial temperature inside sphere, i = 1, or outside sphere,
i = 2
t time
Ui non-dimensional diffusion velocity for ith species
u mass velocity
u radial velocity component
V non-dimensional radial velocity
X cartesian coordinate (Chapter IV)
a spherical coordinate in velocity space
-1 2kT ^
6 initial mean thermal speed of a molecule [(-jjj—) ]
Y ratio of specific heats
A initial density ratio
6 (1-A)/A
6., delta function
i positive constant that may be chosen as near zero as desired
? rate of strain tensor
E angle between the collision plane and an arbitrary plane
Çq constant of integration
t molecule velocity (species implied by functional notation in
a given equation)
molecular velocity component
0 a spherical coordinate
X average mean free path
y viscosity coefficient
y effective viscosity coefficient
initial density inside sphere, i = 1, or outside sphere, i = 2
xii
p non-dimensional density
p density function
$
0 stress tensor
stress tensor component
Tj]^  viscous stress tensor component
T
T non-dimensional time l ~ V  ]
a6
T- non-dimensional time fa —1
'■ 0 a-*
$ molecular property
(f) spherical coordinate in velocity space, velocity potential
X deflection angle
\l) spherical coordinate
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ON THE PROPAGATION OF AN INITIAL SPHERICAL DENSITY 
DISCONTINUITY IN A RAREFIED MEDIUM
CHAPTER I
INTRODUCTION
This work is concerned with the propagation of an initial 
spherical density discontinuity in a rarefied medium. This problem 
contains both theoretical and practical implications pertaining to 
explosions and implosions in the atmosphere. It also pertains to 
certain problems of developing stars in intersteller space.
Conceptually we consider a physical model of a gas uniformly 
distributed inside an impermeable thin spherical shell of radius r = a 
as illustrated in Figure I-l. The gas with molecules of mass m^ in­
side the sphere is in equilibrium at mass density pressure p^^,
Equi ibribm
Equilibrium
Figure 1-1. Initial Spherical Distribution
2and temperature Outside the sphere the gas with molecules of
mass m2 is in equilibrium at P22» "^ 22’ time t = 0 the
bounding sphere instantaneously vanishes and we are interested in 
describing the resulting flow field. External surfaces are as­
sumed to play no significant part in this spherical problem.
If we consider the spherical case with = T22 and both 
gases the same, this problem is akin to the one-dimensional (shock 
tube) problem studied by Bienkowski (1965) and Yates and Karamcheti 
(1967). The spherical problem, however, has at least four aspects 
that make it different from and more interesting than the one-di­
mensional problem:
(1) The spherical problem is three-dimensional. This aspect 
makes the problem more useful from a practical point of view. In 
addition, three-dimensional problems have not been as thoroughly in­
vestigated as one-dimensional problems.
(2) The three-dimensional problem is not self-similar as is 
the one-dimensional problem. This makes the spherical problem more 
complicated to analyze, but at the same time introduces new features 
into the problem. For instance, the spherical problem has two 
characteristic lengths instead of the one present in the one-dimensional 
problem. The first is the initial radius of the sphere, L = a. The 
second characteristic length is the average distance a molecule travels, 
before undergoing a collision, after the diaphragm is removed, or
L = g^ t, where g^^is the initial mean thermal speed of the molecules 
inside the sphere. The rarefied kinetic problem is concerned with the 
limit of large Knudsen numbers, Kn = X/L->”, where X is the average mean
3free path of the molecules. The spherical kinetic problem, therefore, 
is concerned with sufficiently small sphere radii or sufficiently 
small times, whereas the one-dimensional problem is concerned only 
with sufficiently small times, that is with the embryonic development 
of shock tube flow.
(3) The spherical problem contains both explosions and implo­
sions. Thus a new physical feature is involved.
(4) Another phenomenon present in the spherical problem but 
not in the one-dimensional problem is the secondary shock. This fea­
ture was studied by Friedman (1961) for the continuum limit, Kn ^ 0.
For the given spherical model the effects of differing gases 
at differing temperatures can be examined. Other items of interest 
which can be investigated are the transport properties for collision­
less flow.
Although such a generalized study of the spherical expansion 
problem has not been made, the treatment of spherical expansions has 
been the subject of many papers during the past century. Some of the 
earlier works considered the spherical propagation of sound waves.
Such research was conducted by such well known fluid dynamicists as 
Lamb (1910) and Rayleigh (1896). Keller (1956) provided one of the 
first mathematical analysis of spherical gas flows utilizing Lagrangian 
variables.
With the advent of nuclear weapons and high yield conven­
tional warheads there has been increased interest in the past fifteen 
years in spherical blast waves. The Russians, particularly Sedov 
(1957) and Stanukovich (1960), and American^ such as Friedman (1961),
4have done considerable work on spherical explosions in a continuum, 
obtaining various approximate solutions. An exact solution of the 
governing continuum regime equations for the spherical problem, 
whether we consider the Navier-Stokes equations or the Euler equations, 
is not in the literature. The non-linear, unsteady nature of the prob­
lem makes it an extremely difficult problem to solve.
Historically kinetic theory has been used to describe the col­
lision dominated continuum regime as a limiting case by letting the 
Knudsen number go to zero. It would be natural to expect that we 
might find the continuum solution to the spherical explosion problem 
by this approach. The governing kinetic equation, however, is an in- 
tegro-differential equation which is more difficult to solve than the 
continuum equations themselves. We find then that to obtain satis­
factory solutions to the spherical problem one must make appropriate 
assumptions and rely on approximate analytical methods.
For the major part of this research effort we assume that 
we have a large Knudsen-number flow which allows us to obtain 
free-molecule solutions from the collisionless kinetic equation. A 
great deal of work has been done applying kinetic theory to continuum 
limit problems; very little on the other hand has been done with the 
free-molecule limit. Such topics as the Boltzmann H-Function and the 
transport properties have been limited to discussions involving 
collisions. This study examines these topics from the free-molecule 
flow notion. Also all the macroscopic moments of interest, including 
stresses and heat-flux are obtained by this approach. Density and 
velocity results have
5been obtained previously, Molraud (1960) and Narashima (1962), but 
only for the special case of expansion into a vacuum.
In order to obtain a continuum-limit solution an approximate 
analytical approach is examined. The linearized Navier-Stokes equa­
tions are solved by means of Laplace-transform techniques. A short- 
time solution for the density, velocity, and temperature is obtained 
and its validity discussed.
In Chapter II a theoretical development of the theory of gases 
that governs the resulting flow field of a spherical expansion is 
given. The microscopic movement of the molecules is examined so as to 
better understand what occurs during the expansion. The place of 
kinetic theory in the theory of gas dynamics and the associated 
governing equations are discussed. To better understand what is meant 
by a mean value of a flow field variable a brief discussion of prob­
ability is included. From the theory of probability the molecular 
velocity distribution function is defined. The expected or mean values 
of the flow quantities follow from the distribution function which is 
obtained by solving the governing mathematical model, the kinetic 
equation.
In Chapter III the large Knudsen-number flow assumption based 
on small sphere radius and large mean free paths is applied. The 
general expansion problem is discussed with differing gases and dif­
fering temperatures. The free-molecule flow solutions are obtained 
from the collisionless kinetic equation. Free-molecule transport pro­
perties are found and compared with the familiar linear transport rela­
tions of continuum theory. A new indicator is introduced, the
6non-equilibrium indicator, which is the absolute difference between 
the Boltzmann H-Function computed for free-molecule flow and the 
thermodynamic entropy, a continuum notion. This indicator provides 
a measure of the departure from equilibrium for the various types of 
spherical expansions considered in this work.
Chapter IV utilizes the characteristic length based on short 
time to establish the validity of the free-molecule flow solutions 
in the vicinity of the discontinuity. In the one-dimensional problem 
the exact Euler solution is available for comparison with the free- 
molecule results. An exact Euler solution is not available or easily 
obtained for the spherical expansion problem. For the purposes of 
qualitative comparison and for a basic understanding of the inviscid 
problem, a satisfactory approximate solution is easily obtained. This 
solution, the inviscid acoustic approximation, yields results which 
are compared with the free-molecule spherical expansion results. An 
interesting aspect of the problem that prevails for near vacuum condi­
tions outside the sphere is presented. In the continuum limit the 
flow is isentropic when A = P2/P11 = 0 (vacuum) but involves a shock 
when A  ^0 no matter how small A is. The small time solutions in the 
large Knudsen-number limit are used to analyze embryonic shock struc­
ture .
Chapters V and VI present attempts at solving the collisional 
problem. In Chapter V the nearly free-molecule flow problem is discussed 
and its solution outlined. This is an attempt to obtain the first-order 
collisional effects by means of the full Boltzmann equation with ex­
ternal forces neglected. In Chapter VI the problem is examined by means
7of the linearized Navier-Stokes equations. This solution is appropri­
ate for the other end of the gas-dynamic spectrum, small Knudsen numbers,
CHAPTER II 
THEORETICAL CONCEPTS
The Theory of Gases 
It is of interest and basic to a more thorough understanding 
of the spherical expansion problem to examine the theory of gases as 
it relates to the expansion problem. The physical problem as posed 
in Chapter 1 is not restricted as to its number density, that is, 
how many molecules are in a given volume. Therefore,.the physical 
model is applicable for a highly rarefied gas such as found 80 miles 
above the earth's surface as well as a denser gas such as that we 
breath. Also the choice of gas-dynamic theories ranges from the micro­
scopic to the macroscopic.
By examining the motion of the molecules during a spherical 
expansion we can better appreciate the role of kinetic theory as it 
pertains to our problem. It is difficult, however, to imagine in our 
mind what is going on as far as each molecule is concerned during a 
spherical expansion. In order to simplify this, consider a billiards 
table which reduces the problem to a two-dimensional one. The cushions
■i
of the table are considered to be the walls of the container and the 
billiard balls the molecules. Since the container is assumed to have 
impermeable walls, we will assume that there are no pockets in our 
table. To idealize this model we will further assume that once the
9balls on the table are set into motion it is a long time before 
friction and other passive forces destroy the motion.
Consider first that we have many balls on the table and impart 
a completely random motion to the balls initially. We will observe 
numerous collisions among the balls, sometimes several balls colliding 
together at one time. This special case would represent a dense gas.
A dilute gas would be modeled by reducing the number of balls
such that when the balls are set into motion collisions involve only
two balls at one time, or that only bi-molecular collisions occur.
For the mathematical model used in this study, when collisions are in­
volved, we assume such a gas. As we further reduce the number of 
balls on each successive trial we would observe that although there 
are still a significant number of balls on the table that they do not 
collide with one another but only with the cushions of the table. This 
would represent our major regime of interest, the large Knudsen-number 
regime.
To complete the two-dimensional model of the spherical expan­
sion problem we further assume the billiards table under consideration 
is superimposed on an infinite table. The balls on the billiards 
table are all red and those on the infinite table are all white. All 
the balls are in random motion. The cushions of the billiards table 
are instantaneously removed at t = 0. We observe that the red balls now 
penetrate into the vdiiteball area and the white balls penetrate into the 
red ball area. The mixing of the two kinds of colored balls is a dif­
fusion phenomenon.
Another phenomenon that would be observed is that the velocities
of the balls vary as collisions occur in the dilute gas case.
10
At one instant a ball may be brought completely to rest, while at 
another instant it will have a speed much in excess of the average 
speed of the various balls. For the collisionless case the variation 
in the velocity of the balls for a given region varies owing to the 
influx and efflux of balls with differing velocities. One of the pro­
blems we are faced with in describing the motion of a gas is finding 
how the velocities of the various molecules (balls) in a given space 
are distributed about the mean velocity.
Although the real problem has many complexities not covered 
by this simplified explanation it gives insight into the problem at 
hand. We will show that the key to the solution of the spherical ex­
pansion problem is the unknown function that describes the molecular 
velocity distribution. The flow quantities we shall present are dif­
fusive in nature, that is, there are no discontinuities after t = 0.
Kinetic Theory
Now let us examine how kinetic theory fits into the various 
gas-dynamic theories. As previously pointed out, two general ap­
proaches for looking at spherical expansions are the macroscopic and 
the microscopic. Some theorists, e.g. Krook (1959), advance the con­
cept that kinetic theory encompases the complete microscopic approach. 
Liboff (1969), on the other hand, looks upon kinetic theory as oc­
cupying middle ground between the macroscopic and microscopic approaches. 
Liboff's approach gives a clearer concept of the role of kinetic theory 
with respect to the following development of the kinetic equation.
The most precise study of gas flows is by the microscopic ap­
proach where we keep track of each molecule (billiards ball) as it
11
travels about, a formidable task to say the least since even at an 
altitude of 300 kilometers there are on the order of 10^ molecules 
per cubic centimeter. This is compared to the order lO^S in the gas 
we breath. The microscopic approach can thus be considered as an 
n-body problem where n is a very big number. On the other hand, the 
macroscopic approach is less precise. It represents flow properties 
as an average over a certain volume, or area, or interval of time. The 
macroscopic approach describes the motion of all the molecules in the 
region of interest, not the individual molecules themselves.
The n-body problem is governed by the Liouville equation and 
the macroscopic problem by the familiar continuum conservation equa­
tions. The kinetic problem is governed by the so-called kinetic equa­
tion which has different names depending on the collision model used, 
the most famous being the Boltzmann equation.
The kinetic equation can be derived in a straightforward 
manner, e.g. Boltzmann (1964), or it can be obtained by starting with 
the Liouville equation and expanding a small subset of statistical 
mechanics theory. For a comprehensive study of various derivations 
starting with the Liouville equation see Liboff (1969).
From the kinetic equation we find the one-particle molecular 
velocity distribution function (one for each species present) which 
allows the calculation of the flow quantities such as mass density, 
pressure, mass velocity and temperature in a statistical sense.
Statistical Concepts 
To understand what we mean by "statistical sense" a brief re­
view of some concepts of probability are in order. The easiest example
12
to understand is that of tossing a coin and asking what the probability 
is of getting, say, a head. It is well known that the probability is 
one-half, but it is not as well known how this value is obtained.
First we must know that the probability of getting a certain 
event is between zero and unity. Experimentally the probability is 
obtained by conducting an experiment (flipping a coin) a large number 
of times and recording the outcomes (the number of times tails or heads 
appear). Doing this with the coin we find that there are two possible 
outcomes each with equal probability whose sum is unity. Most experi­
ments have more than two outcomes, in fact, for a flow field property 
such as velocity the number of possible outcomes is infinite. We also 
find that the probability that any one velocity will be measured in an 
experiment is zero! This is true since with the coin we speak of dis­
crete outcomes when we talk of getting a head or tail, but since 
velocity is a continuous function (at least for our collisionless 
problem) we can not speak of only one value. Instead of asking what 
the probability is of measuring a certain velocity we talk of the 
probability that the velocity measured in a spherical expansion will 
fall in a certain range, where the range is arbitrary. To describe 
this situation we must define a probability density function, P(x), 
such that the sum (integral summation) is equal to unity. We write 
this as
P(x)dx = 1 . (2.1)
DO
In kinetic theory the molecular velocity distribution function 
is related tb the probability density function defined above.
13
Designating f(r,Ç,t) as the molecular velocity distribution function 
we can write the probable number of molecules in a small volume about 
a vector r with a velocity near Ç at time t by fdrdç. The number of 
molecules in a small volume about r irrespective of velocity is then
fdtdr = n(r,t)dr
all ior
n = fdç (2.2)
where the integration is made over all values of Ç and n(r,t) is the 
number density. From Equations (2.1) and (2.2) it is easily seen 
that the probability density function written in terms of f is P = f/n 
or the probability of a molecule having a velocity between t and 
t + dt is
f(r,t,t)d|
n(r,t)
The purpose in obtaining this function is to obtain by the 
theory of probability the expected value of the flow field properties. 
If we define 0 as a molecular property such as mass, velocity, or 
energy then we can write the expected value of $ as
<$> = —  
n $fdS
This definition can be extended to the two-species spherical expansion 
problem by writing the expected value of a molecular property of the 
ith species as
<$.> = 1 
1 n.
$.(Of.dÇ (2.3)
where n^ and f^  are the number density and molecular velocity
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distribution function of the ith species. The molecular velocity 
of each species will be designated by without subscript or super­
script notation, the specific species being understood by the sub­
script on the molecular property, the velocity distribution function, 
or as otherwise stated.
The molecular properties of interest are the mass m^, momen­
tum m^S, and energy The stress and heat-flux components are ob­
tained from $. = m.Ç.Ç, and im., respectively, where the spherical
1 1 J K 1 j
coordinates are given by the subscripts j,k = T,Q,jp and the two species 
represented by the subscripts i = 1,2.
Flow-Field Properties 
The expected value of the density and of the mass velocity 
can now be found from the following relations based on Equation (2.3):
P = IPi =
and
pu = = Jm^
f\dS (2.4)
f.tdt (2.5)
where the summation is inferred over i = 1,2. The mass velocity u in 
this case is not the mean velocity of the molecules but a weighted 
mean giving to each molecule a weight proportional to its mass. The 
momentum of the gas per unit volume is the same as if every molecule 
moved with mass velocity u.
From Equation (2.3) and by means of the notion of the pecul­
iar velocity c^  = Ç-u which describes the random deviation of the ith 
species molecular velocity from the ordered motion with mass velocity 
u, the expected values of the temperature, pressure, stress tensor.
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and heat-flux vector are given by
pe = ^kT = 
p = nkT ,
“jk = - Z-i
- ipu^, (2.6)
+ pUjU^ , (2.7)
and
qj = ilPi Ç^Ç.f.dt - ipu^u. + U.O., - u.pe (2.8)3 1 1 1 jk
where j,k = r,8,^ and 1 = 1,2.
The kinetic problem is then essentially that of finding the 
molecular velocity distribution function for each species and eval­
uating the various integrals to determine the flow field properties. 
In general this is still a complex problem. For the main area of 
interest of this study, free-molecule flow, the matter of finding f^  
is greatly simplified.
The Kinetic Equation 
The mathematical model appropriate for finding the molecular 
velocity distribution function valid for the full range of Knudsen 
numbers is the kinetic equation. The kinetic equations for two 
species, with external forces neglected, are
9£l -V 9fi
at-* '’i F '  •’ii * 12
(2.9)
9f? ^ 9fo
8t“ '^ 21 '^ 22 •
The symbol denotes the net change of species m due to collisions 
with species n. The collision operator varies according to the
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particular collision model chosen. The Boltzmann collision operator 
is considered in Chapter V.
The initial conditions for the spherical problem as stated 
in Chapter I are given by
= n^ j^ (Bj/Tr)^^^exp(-BjÇ^) for the gas inside the sphere (2.10)
and
^o2 " “22^^2'"^
3/2
f - = n -CBo/tt) exp(-3-?^) for the gas outside the sphere
where 3- = m./2kT.. and n.. = n.(r,0) with i = 1,2.
1 1 11 11 1
Equation (2.9) can be rewritten as
^  = "ll * Ji2
where (2.11)
Dfi 9fi afj
d t  “ 5 r  * «'ir •
The differentiation in Equation (2.11) is carried out along the 
trajectory of a given molecule. By integration of 
Equation (2.11) we obtain the form of the general solution which is 
given by
fjCÎ.Î.t) = (2-12)
where r^^ and are the constants of integration of the governing 
differential equations describing the trajectory of a molecule in 
7-space with components, r, Ç, and t.
In Chapters III and IV the large Knudsen-number limit is 
considered; collisions among molecules are neglected. For this ap­
proximation the righthand side of Equation (2.11) is set equal to
17
zero and the general solution that follows is given by
CHAPTER III
EXPANSION FOR LARGE KNUDSEN NUMBERS
In this chapter the propagation of an initial spherical 
density discontinuity in a rarefied medium is examined based on large 
Knudsen number. It is assumed that the mean free path of each gas 
considered is large and that the initial sphere radius is sufficiently 
small to make the large Knudsen-number assumption valid.
Solution to the Collisionless Kinetic Equation 
For the collisionless problem with M 9 22 '  ^^2
Til T^2 we can consider the spherical problem from the standpoint 
of the inner gas of molecules with mass m^ at exploding
into a vacuum and the outer gas with molecules of mass m^ at P22’P22’ 
T^2 imploding into a vacuum. The respective distribution functions 
are found from the collisionless kinetic equation
Of.
D r  = “ (3 1)
where the left side is given by Equation (2.11) and for our 2-species 
problem i = 1,2. The initial conditions for this large Knudsen-number 
approximation are
foi = n^j(Bj/Tr)^^^exp(-BjÇ2)H(a-r)
and (3.2)
^02  ^n22(32/TT)^'^^exp(-B2C^)H(r-a)
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with
H(z) = '
0 for z < 0
1 for z > 0
the unit Heaviside step function.
The general solution to Equation (3,1) is given by Equation
(2.13) which expresses as a constant on a base characteristic 
curve, or on the trajectory of a molecule in a 7-space with components 
r, Ç and t. The constants of integration r^ and are obtained from 
the differential equations describing the trajectory. These differ­
ential equations are obtained by considering an 8-space with compo- 
nents f , r, Ç, and t. In terms of a scalar parameter ç along the 
characteristic curve, f^  is expressed as:
f^(ç) = f[r(ç),|(ç) ,t(ç)] .
Then taking the derivative of fwith respect to ç we obtain the total 
differential equation
which states that f^  is a constant on a characteristic curve and 
agrees with Equation (3.1) when:
§ = 1 ,  (3.4)
^  = Ç , (3.5a)
and
^  = 0 . (3.5b)
For simplicity, from Equation (3.4), set ç = t. Then t can be
used as the parameter. The characteristic Equations (3.3) and (3.5)
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become
and
df\ = 0 ,
 ^= I , (3.6a)
dt = 0 . (3.6b)
The constants of integration for Equation (3.6) can be expressed as;
and
r^ = r - Çt . (3.7)
Since r = |r |, using spherical coordinates we write Equation (3.7) aso 'o'
r„ = (r2-2r£ t+ç2t2)^ . (3.8)
Now the molecular velocity distribution function f\(r,g,t) 
becomes, by combining the initial conditions given by Equation (3.1) 
and Equation (2.13),
fl = njj(6j/TT)^ '^ e^xp(-8j^ ç2)H(a-r^ ) (3.9a)
and
2^ " "22(B2/^)^^^^*P("G2S^)H(rQ-a) (3.9b)
where r^ is given by Equation (3.8). With f^  we have complete know­
ledge about the spherical problem. In order to put this knowledge into 
meaningful variables, the flow quantities, we substitute the f^  into 
expressions (2.4) through (2.8) and evaluate the integrals.
Macroscopic Flow Field Properties 
The macroscopic flow-field properties are found to be functions 
of R, T^ , and and are dependent on the given mass and initial temper­
ature ratios. Unlike the one-dimensional problem the spherical problem
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is not a self-similar problem, that is, it is not a function of a 
similarity variable. A complete non-dimensional description of the 
flow field is given below by Equations (3.10) through (3.15), with
R = r/a,
= t/ag^ ,
4 = Pzz/Pll,
and
Number Density
1 -Zll -^21
N = n^/n^^ + ng/n^i = — p (e -e ) + ^(erfZ^^+erfZgi)
2ïï
mi 1 ^2 ”^12 ”^ 22
♦ " S r l l - A x f "  -e - KerfZ,2*er£222)]
^ 2 IT
where n^ is the number density of molecules of type 1, n^ is the 
number density of molecules of type 2, and
ierfz = ( 2 / i t  )
Density
exp(-x^)dx .
0
n H p/p^^
1 ”^1 ‘^11 ~ ^ 2 1^  (e i"-e "^ ) + l(erfZ,T+erfZ_.)
_ 1 R "  ^ 11 21ZTT
1 ^2 "^12 "^22 
+ A[l- (e -e ) - i C e r f Z ^ g + e r f Z g g ) ]  ■ (3 .10)
2tt
22
Mass Velocity
V  (3.11)
2 tt p  '■ 2
where
and
= t?/2R^ + 1/R
A . = t2/2R2 - 1/R .
The mass velocity as given by Equation (3.11) is in the radial direc­
tion. Owing to the spherical symmetry in the spherical expansion 
problem the mass velocities in the angular directions 6 and ip are zero.
Temperature
T 5 T/Tj^
1 -Zll - ^ 1  1
[B,,e . 4  [erfZ,,.erfZ„]
3A  21 ' 2»  "  11 21
V 2. V 2
A 3i 1 ” 12 "22
+ Ng; [1- (Bl2: -822* l(erfZi2+erfZ22)]
2py2
3N
where
and
(3.12)
= 2t^/R + 1/Rt  ^+ 1/t ^
= 2t^/R + 1/Rt  ^ - 1/x^ .
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Radial Stress
^RR " ^ri/Pll
1 -Zii -Z?!
= - { 4  (C,ie + iCerfZii+erfZg^)
ir
+ A [1- J r  (CizC - i(erfZj2*er£Z22)]}
+ 2pV% (3.13)
where
and
^li  ^ + l/R?! + T^/R + 1/t  ^+ t^/r2
C2i = t ?/2R3 + 1/Rt . + t^/R - 1/t  ^ - t ^/R2 .
Angular Stresses 
^AA  ^°60^Pll " °#^Pll
1 -Z?i -Z?!
= -f (Dll: -»21* ) + iCerfZii+erfZ,!)
3i 1 ”Z?2 ”^22 1
+A [i_ (0^ 2* l'-DzzC 22)-l(erfZi2+erfZ22)]}
(3.14)
where
and
= t^/R - t|/2R - T^ /R.2
^2i “ T?/2R3 + t^/R2 .
Ail other terras of the stress tensor are zero.
Heat Flux
Q = SpGi/Pii
= ^  _ A(;i)'/\E,2e"':'-E2,e-'22,}
- pV3 + VS%% - I NVT (3.15)
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where
and
Eli = i + 2/t? + 3t?/2R2 + 1/2R2 + 3/R + 1/Rt? + R/t ?
E2i = 1 + 2/t? + 3t?/3R2 + 1/2R2 - 3/R - 1/Rx? - R/t ? .
The heat flux given by Equation (3,15) is in the radial direction.
The angular heat fluxes are zero because of spherical symmetry.
A Sample Calculation
So that the reader may understand the method used to obtain
the results given by Equations (3.10) through (3.15), the integration
scheme for the density will be outlined. The other results follow
from an analogous approach.
The density for the spherical expansion problem is found by 
integrating the expression obtained by substituting the relation for 
fi given by Equation (3.9) into Equation (2.4) which gives us:
P = Minii(Bi/n)^/^ exp(-6i?2)H(a-r^)d|
exp(-625^)H(r^-a)d| . (3.16)
By means of the Heaviside function definition given by Equation 
(3.2), Equation (3.16) can be written as:
rQ<a To>a
exp(-Bi?^)d| + exp(-325^)d| (3.17)
where
I<i = niinii(3i/Tr)^ '^ ,^ i = 1,2 .
The second integral in Equation (3.17) can be expressed as an 
integral over all space minus an integral over rg<a, or
25
f dt = fdÇ - m
T o > a T n < a
where
.3/2
From the definition of the number density given by Equation (2.3)
with $2 = ^ 2  follows that
fdt = p22 fdC
ro>a ro<a
where p^2 = "'2’^ 22‘ Equation (3.17) can be rewritten as:
p = A + (g^/n)^/^jexp(-g^c2)dt - Af^g/n)^^^ exp(-e2^^)dt (3.18)
ro<a ro<a
where A = 9 2 2 ^ ^ 1 1  ^ii " "’l^ ll*
In order to integrate Equation (3.18) we use the fact that
the unit Heaviside step function changes value at r^ = a. Setting
Vq = a, substituting the value for r^ given by Equation (3.8), squaring
both sides, and dividing by t^ , we obtain the relation
i^ /tZ = (r/t-Sp)^ + Sg + Çj, (3.19)
in spherical coordinates, where
(3.20)
In velocity space Equation (3.19) describes a sphere whose center is 
a (r/t,0,0) as shown in Figure 3-1.
It is convenient to transform Equation (3.20) to new coordi­
nates by means of a simple translation so that the center of the sphere
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in velocity space is at (0,0,0). From the vector relations shown in 
Fig. 3-1 we can express %  as the sum of two vectors:
K = ( r/t )êp + S' .
Then Equation (3.20) can be rewritten as:
= r2/tZ + 2rçyt + g'2. (3.21)
The results of the translation to the new coordinate system 
is shown in Fig. 3-2 from which the following relations are obtained:
= Ç'cosa ,
S' = g = S'sinacoscj) ,
= C ' s i n a s i i K p , 
dS' = dS = S'^sinadad^dS
(3.22a)
(3.22b)
(3.22c)
(3.22d)
a/t
Fig. 3-1. Spherical Coordinate System in Velocity Space.
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These are spherical coordinates in the translated system.
Substituting the value for from Equation (3.22) into 
Equation (3.21) we obtain:
ç2 _ + (2rÇ'cosa)/t + = r'
in terms of the new coordinates. The dummy variable r' will be used 
for convenience in writing arguments of exponentials. Substituting T’ 
for dg' from Equation (3.22) and the appropriate limits of integra­
tion into Equation (3.18) and dropping the primes, we obtain
3/2 t 2i,
p = A + (Bj^/tt) j d£;dad(})Ç2sinaexp(-Bjr)
+ A(B2/n)3/2
0 0 0
a/t IT 2tt
O 0 0
dÇdad(j)Ç2sinaexp(-B2r) •
The result given by Equation (3.10) follows after straight foreward
«i
Fig. 3-2. Translated Spherical Coordinate System in Velocity Space.
integration over a and and integrating over Ç by means of the Equa­
tions (A-1) and (A-2), integral relations found in Appendix A.
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Behavior of Flow-Field Properties 
In order to discuss the behavior of the flow-field properties 
of Equations (3.10) through (3.15) the results are plotted for various 
values of initial density ratios and various times as a function of 
distance from the center of the initial sphere of gas. Three cases 
will be examined.
The first case, with T^^ = T^^ m^ ~  ^ 2 ’ be used as
a standard to investigate the behavior of explosions and implosions 
with respect to radius and time for a given initial density discon­
tinuity. By further specializing this case by lettering A = 0, we 
obtain the problem examined by Molmud (1960) and Narashima (1962), ex­
pansion of an initially uniform spherical gas cloud into a vacuum.
The result obtained herein for the number density was obtained by 
Molmud and Narashima. Narashima also obtained a velocity expression 
but it can be shown to be in error in that it does not go to zero as 
R^O. In Chapter IV we again consider this special case for analyzing 
embryonic shock structure.
The second case of interest considers a weak explosion in a 
rarefied atmosphere with a mass ratio of m^/mg = 0.069 and various 
temperature ratios. The mass ratio is based on an expansion of hydro­
gen gas into the atmosphere.
The third case considers a high temperature ratio and a mass 
ratio of 0.5. This case represents the expansion of a dissociated
gas into the same gas in the undissociated state.
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Case 1.
For Case 1 we consider a spherical expansion with the gases 
inside and outside the sphere being the same and at the same tempera­
ture. This gives = gg = T2 . Since we do not have a self­
similar problem the plot of the flow quantities must be made for a 
given initial density discontinuity at a specified time or t .  For 
the purposes of illustration we consider an initial density discon­
tinuity of A = = O'l T = 0.2. In order to observe the ef­
fect of time on the expansion we look at a later time t  = 1.0. The 
results for the flow quantities of interest are shown in Figs. 3-3 and 
3-4 for T = 0.1 and 1.0. For Case 1 since m^ = m^ the mass density 
Equation (3.10) represents the number density, or p = N = n/n^^.
The compressive wave propagating outward and the expansion 
wave propagating inward for the explosion case are illustrated by the 
behavior of the temperature profile in Fig. 3-3. Also the diffuse 
nature of a kinetic expansion is shown by the number density curve in 
that there are no discontinuities. The heat flux curve suggests a re­
lation between this curve and the temperature profile which will be 
considered mathematically later in this chapter. The velocity is ob­
served to be large near R = 1 where the molecules have undergone the 
largest perturbation and decrease rapidly to zero at short distance 
from R = 1. For this case we will show in the next section that there 
is a mathematical relation between the velocity and the stresses.
The perturbation aspect of the problem is' suggested by the pro­
files in Fig. 3-4. Noticeable is the spreading out of the number den­
sity and the weakening of the other quantities with time as they propagate
30
1
0.5
0
2.00.5 1.50 1.0
J R
Fig. 3-3. Case 1 Free-Molecule Variables for A = 0.1 at t  = 0.2.
0
4321
i R
Fig. 3-4. Case 1 Free-Molecule Variables for A = 0.1 at t  = 1.0.
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outward from R = 1. The perturbation behavior is further reflected by 
the temperature for increasing time as shown in Fig. B-3 (see Appendix B).
The behavior of the disturbance as R->0 and R-»-<» can be demon­
strated mathematically by considering the asymptotic expansions of the 
solutions. Expressions for the number density and temperature at R =0
are found to be , , o
. -1/t^
N(0,t) = A -  + (1-A)erf(l/T) (3.23)
ir T
and
T(0,t) = 1 - — -  . (3.24)
3it N(0, t )t ^
These relations are necessary in the evaluation of the Boltzmann 
H-Function to be introduced later in this chapter. A complete study 
of other pertinent asymptotic values is included in Appendix B.
The results for free-molecule flow given by Equations (3.10) 
through (3.15) are also valid for implosions, that,is-, when the ini­
tial density ratio is greater than unity (except for implosions into 
a vacuum, which requires renormalization). Typical results are shown 
in Fig. 3-5 for A = 10 at t  = 0.2 (the ri^t hand scale applies only 
to the number density). Again these profiles reflect the diffuse nature 
of the kinetic problem as well as the perturbation effect. In this case 
the compression wave of the higher-density exterior gas propagates in­
ward.
Case 2.
For Case 2 we consider a 2-species expansion with mj ^  m 2 and 
Til ^  '^22' model considers a weak explosion of hydrogen gas into
the surrounding atmosphere. Thus we let m^/mg = 2/29 ~ 0.069 and 
select for discussion two temperature ratios T^^/Tgg = 1 and 10. The
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Fig. 3-5. Case 1 Free-Molecule Variables for a Compression Ratio of
A = 10 at T = 0.2 (Right Scale for Number Density Only)
same compression ratio A = 0.1 and time = 0.2 is used as for Case
1. In this case the time t is non-dimensionalized based on initial
conditions inside the sphere. The flow variables of interest are 
given in Figs. 3-6 through 3-11.
The free-molecule variables for Case 2 are observed to vary 
from the smooth profiles of Case 1 given in Fig. 3-5, although they 
are still diffusive in nature. For the special case of a 2-species 
expansion with the initial temperatures equal, the variations are in­
duced by the A = ”'2^ 22^ ™1*^ 11 ^2 ” terms in Equations
(3.10) through (3.15). With differing initial temperatures the A term 
remains the same but the time term becomes ~ '^"i^ 22'^ ™2'^ lP^  '
Also the components of Equations (3.11) through (3.15) which correspond 
to the i = 2 species (in this case the heavier species air) are multi­
plied by various ratios of or gg/g^, that is, by a product of
the initial mass and temperature ratios.
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The density shown in Fig. 3-6 and the mass velocity shown in 
Fig. 3-7 illustrate the weak influence of a 2-species expansion when 
the initial temperature ratio is unity. These profiles vary only 
slightly from the profiles given in Fig, 3-3. The variation becomes 
accentuated when the two species have different initial temperatures 
as can be observed in Figs. 3-6 and 3-7 for ~ density
and velocity profiles become steeper in the region .93<R<.98, the 
density decreasing faster than the 1-species expansion of Case 1 and 
the velocity increasing faster. In the vicinity of R = 1 both profiles 
flatten out with the density obtaining a greater value than the Case 1 
result. The density then decreases at a faster rate as it goes to its 
large R value of A. The velocity continues to rise to a higher maximum 
value than for Case 1 with the maximum occurring in the vicinity of 
R = 1.1 as in Case 1. The lighter molecules inside the sphere at higher 
temperature reach a higher speed while propagating outward than if both 
species had the same mass and temperature.
The temperature of Case 2 reflects the same characteristic ex­
pansion wave propagating inward and compression wave propagating outward 
for a spherical expansion; however, the temperature in the expansion 
region goes to a lower temperature and that in the compression region 
goes to a higher temperature than observed for Case 1. The asymptotic 
limit of Equation (3.12) for large R is '^22^'^I I derivation of this 
limit as well as all others for Case 2 is given in Appendix B). The 
location of the maximum temperature in the compression wave is observed 
to occur for a larger value of R than the maximum for Case 1.
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Fig. 3-6. Case 2 Density for A=0.1, Fig. 3-7. Case 2 Velocity for A=0.1, 
m^/mg = 0.069, and = 0.2. = 0.069, and = 0.2.
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Fig. 3-8. Case 2 Temperature for Fig. 3-9. Case 2 Heat Flux for
A=0.1, m^/m2=0.069, and t^=0.2. A=0.1, mj/m2=0.069, and t^=0.2.
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Fig. 3-10. Radial Stress for A=0.1, Fig. 3-11. Angular Stresses for A=0.1,
m^/m2 = 0.069, and = 0.2.m^/m2 = 0.069, and = 0.2.
Thus for the 2-species expansion, with or without differing 
initial temperatures, the influx of lighter molecules into the R >1 
compression region is greater than the efflux of the heavier molecules 
from this region. The greater density of molecules at a higher speed 
causes the temperature to be higher in the compression region than 
found in Case 1. The efflux of the lighter molecules is greater than 
the influx of heavier molecules in the compression region, causing a 
decrease in density in this region. Also the lighter molecules depart 
at a faster rate. The combined effect is that the temperature is 
lower than for Case 1 in this region.
The Case 2 heat-flux results shown in Fig. 3-9 are observed to 
vary significantly from the Case 1 results. This could be anticipated
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from macroscopic theory for the heat flux in that for multi-species 
problems a diffusion-flux term is added to the heat-flux equation. For 
Case 1 this diffusion flux is not a factor as will be shown in the 
next section.
For the density and the velocity the behavior of the heavier
i = 2 molecules is governed by the initial density ratio in Equations
(3.10) and (3.11). The initial pressure ratio, however, is the governing 
influence on the i = 2 terms in the temperature, stress tensor, and 
heat flux expressions since = ^22^^11' ^his influence shows
up in the limiting values of the stress components.
For Case 1 the asymptotic limit of the stress tensor components 
for large R is = - 6, the initial density ratio, whereas the
limit for a 2-species expansion with varying initial temperatures is 
^RR ~ ^AA ~ ' ^22'^^H" numerical value of the angular stresses
for the initial temperature ratios 1 and 10 differ only slightly from
one another so only one profile is given in Fig. 3-11. The radial
stress profiles for both temperature ratios are given in Fig. 3-10.
The Case 1 results for the stress components are qualitatively similar 
to those for Case 2 when the initial temperature ratio is unity and are 
therefore not included in Fig. 3-3. The effect of the differing ini­
tial temperatures on the radial stress occurs in the same region that 
we observed changes in the velocity gradient, .93<R<1.1.
Insight into the effects of 2-species expansions with differing 
initial temperatures can be obtained by considering two special cases, 
both resulting in a pressure difference contributing the essential 
driving force to the mixing action. In the first special case the
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pressure difference arises because of a mass difference between the 
molecules initially inside the sphere and those outside. We assume 
that pjj = p ^ 2 > = T ^ 2 > ^1/^2 = 0.069, and = 0.2. Figure 3-12
reflects the density, velocity and temperature results for this special 
case. We observe that there is a decrease in density for R<1 and an 
increase for R>1. This effect is observed in Fig. 3-6. The velocity 
result in Fig. 3-7 is seen to rise and fall corresponding to the rise 
and fall of the velocity result shown in Fig. 3-12 for R <1.
The second special case consists of a pressure difference due 
to an initial temperature difference. This 1-species expansion has 
m^ = m^, = P22, '^h ^'^22 ~ ’'^l " 0.2. The results of interest
are shown in Fig. 3-13. It is obvious that the density and velocity are 
qualitatively the same as the results in Fig. 3-12.
Two other special cases were examined to gain insight into the 
effects observed in the Case 2 expansion.. We examined the effects of 
a density difference (A =14.5) with equal pressures, differing masses, 
and equal initial temperatures. The results correspond qualitatively 
with those shown in Fig. 3-12. Also a 1-species expansion was examined
for differing temperatures, ~ ^ density discontinuity
of A =0.1 at = 0.2. Results similar to those of Case 2 with
m^/m2 = 0.069 and T^^ = T22 were obtained.
The various special cases indicate that the causes of the vari­
ations noted for Case 2 with respect to Case 1 are not easily identifi­
able. When, however, there is both a difference in the mass of the 
molecules inside and outside the sphere and T^ ^^  ^ "^ 22’ s given ini­
tial density discontinuity, the variations are greater than if either
38
1
0.5
0
Fig. 3-12. Free-Molecule Variables 
for a Pressure Difference with 
A = 1, m,/m„ = 0.069, and
T11/T22 = 1 at = 0.2.
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Fig. 3-13. Free-Molecule Variables 
for a Pressure Difference with 
A = 1, = 1, and = 10
at = 0.2: ^
a mass difference or a temperature difference exists alone.
Case 3.
The third case considered represents a stronger explosion with 
initial temperature ratios of ' ^ n / ' ^ 2 2  ~ 50 such that dissociation
takes place inside the sphere but not ionization. For this case the 
mass ratio is m^/m^ = 0.5 and we select the same density ratio of 
A =0.1 and time = 0.2 examined in Cases 1 and 2 above.
Rather than presenting a plot of these results it is suffic­
ient for our discussion to refer to Figs. 3-6 through 3-11 for Case 2. 
Specifically, results for both temperature ratios considered in Case 3 
fall in between the profiles plotted for Case 2, the Case 3 temperature
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ratio of 50 results lying closer to the Case 2 temperature ratio of 10 
results. Thus the same description of the propagation of the molecules 
after the bounding surface is removed apply to Case 3 as was given in 
the Case 2 analysis.
The results obtained for Cases 2 and 3 give an envelope for a 
wide range of both initial temperature differences and mass differences 
with application to a wide variety of 2-species spherical expansion 
problems.
Transport Properties 
In a fluid dynamics problem the mechanics of transport is inter­
preted in terms of the mean free path. A molecule traveling a distance 
of one mean free path is in effect transporting a certain amount of 
momentum, energy, and mass through a distance of the mean free path.
6i our collisionless problem of this chapter the mean free path is con­
sidered infinite or at least very large in comparison with the initial 
radius of the sphere. Therefore the transport phenomena of viscosity, 
heat conductivity, and mass diffusivity may be considered invalid for 
our discussion since these are generally considered as collision domin­
ated phenomena. Also the transport phenomena above are processes of 
energy dissipation or irreversible processes and the collisionless ex­
pansion is a reversible process.
However, if we consider the equations of change obtained by 
multiplying both sides of the kinetic Equation (2.9) by the first three 
values of ( t ) ( m ^ , g^e at a time, and integrating over dt we 
find that we can obtain five equations (the conservation equations of 
mass, momentum and energy) which contain the mass flux, stress tensor
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and heat flux vector. Burger (1969) obtained the collisionless 13- 
moment approximation by considering Equation (3.1) and multiplying 
the collisionless kinetic equation by higher powers of thus ob­
taining the higher moments. The 13-moment approximation gives thirteen 
unknov.r. flow quantities which include the mass flux, stress tensor and 
heat flux vector. These equations, the equations of change and the 
13-moment approximation equations, could be considered as expressions 
of purely kinematic effects which show how the density flux, stress 
components and heat flux components arise from velocity, concentration, 
and temperature gradients as a result of the mixing process due to the 
whole spectrum of particle velocities in each element of volume. But 
it is of interest also to see if the explicit expressions for the com­
ponents obtained in Equations (3.10) and (3.13) through (3.15) yield a 
simplified relation between the free-molecule variable and a combina­
tion of the gradients of concentration, pressure, velocity, and temper­
ature. An additional purpose in this is to find the associated trans­
port coefficients where possible and compare them to the collisional 
transport coefficients.
Transport of Momentum 
From continuum gas-dynamic notions we let represent that 
part of the momentum flux owing to the direct transfer of momentum 
with the mass of the moving fluid. Also we let + p6j^ be the vis­
cous stress tensor r w h i c h  represents the process of internal fric­
tion resulting from different fluid particles moving with different ve­
locities so that there is a relative motion between various parts of 
the fluid. The viscous stress tensor thus depends on velocity gradi­
ents .
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When the velocity gradients are small we know from continuum 
theory that the momentum transfer due to viscosity depends on the first 
derivative of velocity. From continuum theory the phenomenological 
expression for the viscous stress component in the radial direction, 
written in non-dimensional form, is
^  - fl
where = y/ap^^gj is an effective viscosity coefficient.
The kinetic radial viscous stress component is given by
? R R  = S R R  + P (3-26)
where P = NT. It is of interest then to see how and are re­
lated and if they are equal for a special case.
If we use the free-molecule result of Equation (3.11) in evalu­
ating the right-hand side of Equation (3.25), we find that
2p., /I D 1 ^2 i
1 2Rt 7^t‘
+ V[pjVj+ ^ p ^ V g ] }  (3.27)
where
with
E^ 2 = exp(-A^) - exp(-BZ)
Pi = Pi/Pii ,
' P 2 / P 1 1  •
’ ' 1 ,2  '
A = (l+R)/?! 2
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and
B = (1-R)/Ti 2 •
If we let = Tj^ /2 in Equation (3.27) we find that
^RR = < R  * 1 7I - ^  >^2) •
We observe for two special cases that = Tp^ . Special case (1) is 
when = m2 and = T22, or Case 1 above. Special case (2) is when 
m^/m2 = '^iif'^22' obvious that (2) would be impossible for Case
3 and for Case 2 it is of little interest.
The viscosity coefficient applicable when = T^/2 is
pktT,,
p = -isf- •
For Case 1 with m^ = m2 this result corresponds to the viscosity coef­
ficient found by Yates and Karamcheti (1967) in their one-dimensional, 
1-species, short-time expansion study.
Transport of Mass 
For the 2-species spherical expansion the diffusion-flux Î is 
only unbalanced in the radial direction. In general the diffusion flux 
is influenced by the concentration gradient, temperature gradient, and 
the pressure gradient. For 2-species = - I2 so we can write the 
non-dimensional form of the radial component of the diffusion flux [see 
Landau and Lifshitz (1959)] as
where
and
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5 p^/p is the concentration of the 1-molecule species, 
Dm H e^D/a,
E 3jDlCj,/a,
Dp E eJoKp/a,
0 is the mass transfer coefficient, 
is the thermal diffusion ratio.
Kp is the baro-diffusion ratio.
The diffusion flux is defined as the amount of the component 
transported through a unit area per unit time. For the kinetic pro­
blem we write this as
= PjUj (3.31)
where
Ui = Vi - V is a diffusion velocity component in the radial 
direction.
The diffusion velocity of species 1 is the relative velocity of type 
1 molecules with respect to the mass average velocity of the gas.
Working out the terms on the right-hand side of Equation (3.30) 
we obtain
* 2Dm _ _ (*1^1+ _ Til _
Il = ^ 3 F ^ ^ ' ^ K p ) G  + pKp (P2V2+
(3.32)
where _
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If we let = Tj/2 in Equation ( 3 . 5 2 ) then we can write 
3 “ X
Ij = Il - [-^ -1]- Y  ^  (K,j.+Kp)0 - pKp(pj^Vj+ P2^2^ '
Thus we find that 1^  = 1^  if = g^ , and Kp = = 0. This special
case corresponds to Pick's law, or the diffusion flux is linearly pro­
portional to the concentration gradient alone.
For D,, = t,/2 we find the diffusion coefficient to be 
M 1
tkTn
D = ---—  . (3.33)nil
The Transport of Energy
It is well known that heat will flow from hotter regions to 
colder regions so as to dissipate the gradient in the temperature (that 
the heat never flows in the opposite direction is the second law of 
thermodynamics). For a 2-species problem there is also a transport 
of energy due to the diffusion flux. If the concentration and thermal 
gradients are small we can write the heat flux [see Landau and Lifshitz 
(1959)] as
where
and
= g^K/an^^k is a conductivity coefficient
*1 r
0^ " '^^ T^ 3C^ P^,T ■ T^ 9T )p,C^  ^
with y5 the chemical potential which is a function of pressure, tempera­
ture, and concentration. The free-molecule heat flux for the 2-species
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expansion is given by Equation (3.15)
By taking the derivative of the temperature with respect to R 
*
and letting represent the right hand side of Equation (3.32) we 
can write Equation (3.34) as
Q' ' K. SÛT: r  * v2-2 A  V)
1 ‘•J 1 ‘•1 1
(3.35)
with Ej 2 given by Equation (3.27).
If we let Kq = 3Ntj/4 in Equation (3.35) we derive the following 
relation:
Bi . , 2^ r2 R o
Q = Q* -(1- ^){p V [3-2 -^V+ /  (^-2V :^+v2)
^2 1 1
+ p2V[l-(|j)V f T[NV-(pjVj+ ^p^Vg)]- C^I* . (3.36)
It is easily seen from Equation (3.36) that Q = Q* when m^ = m^,
Til = 1^2, and = 0. For this case we have the thermal flux propor­
tional to the temperature gradient.
For = 3Ntj/4 we find the conductivity to be given by
3nk2tTi1
K = . (3.37)
For Case 1 with m^ = m2 and = T22 this expression for the conduc­
tivity corresponds to the conductivity found by Yates and Karamcheti
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for the shock tube problem.
The transport coefficients given by Equations (3.29), (3.33),
and (3.37) grow linearly with time. It is interesting to observe that
when t is set equal to the upper limit for free-molecule flow, X / c ,
(where c is the mean speed of a molecule) that y = pXC, D = ^ Xc,
and K = . These are the same relations, except for the numerical
constants, as given by Vincenti and Kruger (1965) in their macroscopic
study of the transport properties. The Prandtl number, C^y/K, based
on free-molecule results is 5/6 whereas the above mentioned macroscopic
study gives 2/3.
We have shown in this section that although it is not apriori
reasonable to expect a linear relation between the transport properties 
and the various gradients mentioned above we obtained a meaningful 
linear relation for each of the transport properties when m^ = m^ and 
Tjj = T^2 > Case 1. In the next section we shall see that Case 1 is 
more nearly in equilibrium than the expansions for Cases 2 and 3, pos­
sibly the underlying reason for the linear relations being valid for 
Case 1.
The Non-Equilibrium Indicator 
In addition to the free-molecule flow quantities already found 
in this chapter it is of interest to consider two other integral pro­
perties of the collisionless problem, (1) the Boltzmann H-Function and 
(2) the thermodynamic entropy.
In kinetic theory the production of the H-Function comes about 
entirely because of collisions. In free-molecule flow the production 
of H is zero because there are no collisions. There are, however, H 
fluxes so changes in H are non-zero for the general collisionless pro­
blem.
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The production of entropy does not rely entirely on collisions
and therefore is non-zero. The production of entropy comes from terms
such as t : e ,  where t  is the viscous stress tensor and e is the rate of
strain tensor, and -(q*VT)/T^, where q is the heat flux vector and T
is the temperature. Thus, as Equations (3.25) and (3.34) indicate,
there is entropy production in free-molecule flow even though there
is no H production, and in this sense the flow is irreversible. It is
legitimate to question here what the meaning of entropy is in the free-
molecule situation where the flow is very far from thermodynamic
equilibrium. The interested reader can pursue this question in
Truesdell (1969).
The absolute difference between the H-Function H and an ap-0 ^
propriately defined entropy function Sq introduces a measure of the 
degree of non-equilibrium present in the flow field. For regions of 
equilibrium we would expect
|H „ -S J  = 0
and as the flow departed from equilibrium this difference would be ex­
pected to vary from zero, the maximum occurring in the region of maxi­
mum non-equilibrium.
For the general expansion problem with differing gases at 
differing temperatures we define the H-Function as:
pH(r,t) = > i = 1,2
with
n.H. =
1 1
f^&nf^dg .
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The are then normalized by introducing an appropriately defined 
H-Function, or:
n.H. =1 1
where
fref = nj^(8j/Tr)^^^exp(-C)
with C some unknown function which is eliminated from the calculation 
by further non-dimensionalizing H. The dimensionless H-Function is 
written as :
H = H(R,t) - H(R->°°,t)
0 ” H(R-^O.t) - H(R->»,t)
so that Hg(R^»,T) goes to zero and H^(R->-0,t) goes to 1.
For mathematical illustration the H-Function equation is pre­
sented only for Case 1 (m^  = m^ and T^^ = Tgg) but the general result 
is included in Fig. 3-14 for a qualitative comparison. The Case 1 so­
lution is given by:
H = 3T/2 + - 5/2 + £nA[(N-A)/(1-A)]/N gg.
0 3T(0,t)/2 - 3/2 + JlnA[(N(0,T)-A)/(l-A)]/N(0,T)
where all variables and their limits have been previously defined in 
Equations (3.10), (3.12), (3.23) and (3.24).
The entropy function, Sq , is derived from Gibbs equation by 
appropriate normalization and non-dimensionalizing so that Sq (R-»-0,t) 
goes to one and Sq (R^«,t) goes to zero. The Case 1 mathematical ex­
pression is given by:
S = ----------- ~   . (3.39)
° (3/2)£nf(0,x) - £nN(0,t) + £nA
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Case 2
5
Case 3
Case 1
0
1.50.5 1
Fig. 3-14. Non-Equilibrium Indicator for A = 0.1 at %  ^= 0.2.
The non-equilibrium indicator, , is shown in Fig. 3-14
for each case considered in the previous sections. Case 1 is seen to 
be more nearly in equilibrium than Cases 2 and 3. Also of interest 
is the significant effect of the mass ratio on non-equilibrium as com­
pared with the temperature ratio, in fact the non-equilibrium indicator 
is less with "^11/^22 ~ m^/mg = 0.5 than it is with = 10.
The maximum for T ' n / ' ^ 2 2  ~ indicated by (+) on Fig. 3-14.
The smaller maximum shown for Cases 2 and 3 for R=*8 could be 
due to a mixing non-equilibrium phenomenon associated with diffusion of 
differing species since this maximum does not occur for Case 1. Justi­
fication for the transport properties being linearly proportional to 
flow property gradients for Case 1 and not Cases 2 or 3 may be derived
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from this effect as well as the fact that Case 1 is more nearly in equil­
ibrium. In Chapter IV we find another interesting application of the 
non-equilibrium indicator in conjunction with a discussion of embryonic 
shock structure.
CHAPTER IV
EMBRYONIC SPHERICAL SHOCK WAVE DEVELOPMENT
The solutions obtained in Chapter III for the study of the 
propagation of an initial spherical density discontinutiy in a rare­
fied medium based on a large Knudsen-number approximation are also 
valid for the study of embryonic shock wave development. For this 
chapter we still assume a large Knudsen number but instead of basing 
it on the characteristic length L = a, the initial radius of the sphere, 
we use a length based on the initial mean thermal speed of the mole­
cules inside the sphere, L = g^^t where = 2kT^^/m^. Thus for the 
purposes of this chapter we are examining the spherical expansion in 
the vicinity of the initial discontinuity for short times, that is, 
prior to the first collisions among the molecules initially inside and 
outside the sphere.
Since we are interested in discussing the embryonic shock wave 
formation and not the effects of differing gases at differing tempera­
tures this chapter assumes that m^  ^= m^ and T^^ = Tgg- In essence, 
then, we are considering Case 1 as defined in Chapter 111.
Basis for Analysis 
A three-dimensional analysis of embryonic shock wave formation 
was motivated by studies made by Bienkowski (1965) and Yates and 
Karamcheti (1967) on one-dimensional (shock-tube type) expansions.
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For a better understanding of the three-dimensional results the one­
dimensional problem will be discussed first. This is a convenient 
starting place since the inviscid exact solutions are available for 
comparison with the free-molecule results.
In the one-dimensional shock-tube problem the pertinent char­
acteristic length is the distance traveled by a molecule having a mean 
thermal speed 3  ^= (2kT/m) in the time t measured from the instant a 
diaphragm is burst, that is L = 3 t^. Thus the Knudsen number will be 
large in this case when the time is sufficiently short (and the distance 
from the diaphragm correspondingly small).
The region of validity for the short-time kinetic solution is 
best understood by examining a long-time x-t diagram as is given by 
Fig. 4-1. This diagram is made up of a line representing the shock 
wave, a contact surface line separating the fluid that has been shocked 
from the fluid that has not been shocked and an expansion fan. Since 
the shock itself is a collisional phenomenon and the large Knudsen- 
number solutions are based on a collisionless assumption, the time of 
observation by necessity must be short and the distance from the dia­
phragm correspondingly small. We are restricted then to a study of 
the region near x = 0 and t = 0 on Fig. 4-1.
The one-dimensional results of interest obtained by Yates and 
Karamcheti are shown in Figs. 4-2 through 4-5. The inviscid solution 
is shown by the dashed profiles with the regions of the x-t diagram 
clearly evident in the density profile of Fig. 4-2 and the temperature 
profile of Fig. 4-4. The horizontal axis in these figures represents 
the similarity parameter x/t. The one-dimensional free-molecule
53
solutions are shown by the solid line profiles. The compression ratio 
for this example is 10, or the driver gas is ten times more dense than 
the driven gas.
It is obvious from Figs. 4-2 and 4-3 that the free-molecule 
solutions do not exhibit the discontinuities of the inviscid solutions; 
instead they are spread out and look more like diffusion phenomena.
From the billiard-ball analysis of Chapter II this analogy is obvious. 
Qualitatively, however, the similarity of the inviscid solution, which 
is valid for small-Knudsen numbers and long times, and the free-molecule 
solution, valid for large Knudsen numbers and short times, is striking. 
Even more striking is the comparison of the inviscid and free-molecule 
results of Figs. 4-4 and 4-5. In Fig. 4-4 the temperature in the 
free-molecule case is already showing the inviscid collisional distri­
bution. This is also true for the velocity shown in Fig. 4-5. The 
effects of collisions can be thought of as steepening these gradients 
until a discontinuity is produced in the density and pressure. The 
free-molecule results are thus the first approximation to a systematic 
iterative scheme for the Boltzmann equation. This notion will be
(a) expansion fan
(b) contact surface
(c) shock
(d) diaphragm
Fig. 4-1. Macroscopic Shock-Tube Phenomena in the x-t Diagram.
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INVISCID
KINETIC
--- 1
-x/t - x/t
Fig. 4-2. Shock-Tube Density Profiles for A  ^= 10.
INVISCID
KINETIC
x/t-x/t
pig. 4-3. Shock-Tube Pressure Profiles for A  ^ = 10.
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INVISCID
KINETIC
x/t-x/t
1Fig, 4-4. Shock-Tube Temperature Profiles for A 10.
INVISCID
KINETIC
x/t-x/t
Fig. 4-5. Shock-Tube Velocity Profiles for A  ^= 10
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pursued in Chapter V in our investigation of nearly free-molecule 
flow. From this discussion we can perceive the description of the 
embryonic shock wave development by means of free-molecule solutions.
Three-Dimensional Results 
With the assumption that m = m^  = m2 and = T ^2 the rela­
tions given by Equations (3.10) through (3.15) may be written in a 
more convenient and simpler form. If we let
R E r/a 
T E t/ag^
A E (1+R)/t 
B E (1-R)/t
with
6 E m/2kT^^
the non-dimensional flow variables can be written as
Number Density
N = A + [e ^ -e  ^] + [erfA+erfB]} (4.1)
ir*R
Radial Velocity
V = [(-ll+l)e-^l(-:^-^)e-^^] (4.2)
2n*N 2RZ * 2R^ %
Temperature
T = 1 + -ÜzAl + |[^v - V^ j (4.3)
3tt*NRt
Radial Stress
= - N[1-2V2 + 2V(^ + ^)] - [e"^^ -e"®^] (4.4)
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Angular Stress 
Sge = - "(1- (4.5)
Radial Heat Flux
q = ^  [e-"' . NV[3-V^ . i l i B Ü ]  - m  . VS,, (4.6)
IT T
Other velocity, stress and heat-flux components are zero.
Spherical Shock Analysis 
In contrast to the analogous one-dimensional problem, the 
spherical problem is not self-similar. Hence the flow variables given 
by Equations (4.1) through (4.6) cannot be represented, for a given 
density ratio A, by a single curve for all times and spacial positions. 
As in the one-dimensional problem the pertinent characteristic length 
is the distance traveled by a molecule having a thermal speed 
6“  ^= (2kT^^/m)^, or L = g'^ t.
There is an analogous r-t diagram for the spherical problem 
as for the one-dimensional problem given by Fig. 4-1. Friedman (1961) 
by means of characteristics produced the r-t diagram given by Fig. 4-6. 
A noticeable difference between Figs. 4-1 and 4-6 is the inclusion of 
a secondary shock wave which occurs in the continuum limit. The shock 
waves and contact surface are no longer straight lines in the r-t dia­
gram. This reflects the influence of the distribution of the energy 
of the outward propagating shock over a larger surface area as the 
wave propagates outward.
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The physical reason for the secondary shock formation is 
that the gas in the expansion region has been expanded to a lower 
pressure than that reached in the one-dimensional problem. This is 
due to the increase in volume of the sphere of gas as it propagates 
outward. The pressures at the tail of the expansion wave are less 
than the pressures transmitted by the leading shock; hence a shock 
is inserted to connect the two phases.
The region of interest for the spherical analysis is for time 
slightly greater than t = 0 and for radius near r = a. For this region 
sufficient time has not elapsed for the secondary shock to form. The 
free-molecule results, therefore, will not give us insight in to its 
embryonic development. It would be necessary to consider a higher 
order approximation than free-molecule flow before the secondary shock 
would be detected.
(a) Expansion front
(b) Secondary shock
(c) Contact front
(d) Leading shock
Fig. 4-6. Macroscopic Spherical Shock Phenomena in the r-t Diagram.
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Inviscid Acoustics for Spherical Explosions 
An exact continuum-theory solution for the spherical problem 
is not available as it is for one-dimensional expansions. An invis­
cid acoustic description of the equivalent continuum problem can, how­
ever, be easily obtained and is adequate for a qualitative comparison 
with the kinetic results. The inviscid acoustic approximation is 
valid for small Knudsen numbers (l/a->0) and long times, whereas the 
free-molecule solution is valid for large Knudsen numbers (A./a^ -“) or 
short times.
The linearized versions of the inviscid Euler equations are:
1^ + p22div u = 0 (4.7a)
Poo ir = -9p (4.7b)22 3t 
and
||- = 0 . (4.7c)
This gives a set of linear, first-order, partial differential equations. 
Integration of the energy equation gives
s = s(r) . (4.8)
From the equation of state we have p = p(p,s) so we can obtain the re­
lation
o^
k i
where a^  = (T ~  T22) is the ambient speed of sound and y is the ratio 
of specific heats. Substitution of Equation (4.9) into Equation (4.7a), 
differentiating with respect to time and combining with Equation (4.7b)
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gives
^  - afvZp = 0 . (4.10)
9t  ^ °
Since the flow is irrotational we can write the velocity in 
terms of a velocity potential, <(), or u = Vi{). Then from Equation 
(4.7b) we obtain
P  -  P 2 2  =  -  P 2 2  I f  ( 4. 11a )
and from Equation (4.10)
the acoustic equation. In spherical coordinates, for the spherical 
explosion problem, we have
■ ao(^*)rr  ^° ' (4.11b)
For the initial conditions u(r,0) = 0 and 
p(r,0) = P22 + p22H(a^-r^), the potential is found from Equation
(4.11b) to be
4>(r,t) = (-^ )^ [ç^H(a2-ç2)+a2H(ç2_a2^ _^2pj(a2-n2)-a^iKn^-a^)]
(4.12)
where ç = r - a^t and n = r + a^ t. From the velocity potential the 
non-dimensional radial velocity is found to be
2
V = 7^ = fjf {(1- ^f)[H(l-;2)-H(l-n2)]- ^L{H(;2-l)_H(n2-l)]} (4.13)
%ot
where x = --- , ç = R - x and n = R + t .c a c c
The non-dimensional pressure follows from Equation (4.11a):
P = ^  [(1- ^)H(1-ç2) + (i+ ^)H(1-?)] + A. (4.14)
and
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In order to determine the density and temperature we let
P = P22(l+P')
p = P22(1+p ') (4.15)
T = TggCl+T')
where the primed quantities are much less than unity and is the 
specific heat at constant volume. From Gibbs equation we obtain the 
relation
s' = T' - (y -I)p ' . (4.16)
The thermal equation of state is written as
p' = p' + T' . (4.17)
From Equations (4.16) and (4.17) and the initial conditions
s'(r,0) = - (y-1) ^H(a2-r2)
the non-dimensional forms of the density and temperature are found 
to be:
N = i P + ^  [A+(1-A)H(1-R2)] (4.18a)
and
T = 1 + ^  [P-A-(1-A)H(1-R2)] . (4.18b)
The acoustic solutions given by Equations (4.13) and (4.18) 
are discontinuous, with an outward propagating compression wave and 
for agt/axl an inward propagating expansion wave. A contact surface 
exists at R = 1. The various regions of the solutions are shown in 
Fig. 4-7, a r-t diagram.
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The outward propagating compression wave represents a weak 
shock wave. The contact surface exists due to the initial variation 
in entropy. Although the acoustic problem is isentropic it is not 
homentropic since s' = s'(r) = -(y-1) H(a^-r^) . The contact sur­
face remains at r = a since the entropy is initially discontinuous at 
r = a and does not vary with time or radius.
The density, velocity, and temperature relations of Equations
(4.13) and (4.18), with the pressure term from Equation (4.14), are 
plotted in Figs. 4-8 through 4-10 for x = (2/y)^x^ = 0.1, A = 0.6 
and Y = 5/3 for monatomic molecules. The corresponding free-molecule 
results from Equations (4.1) through (4.3) are shown on the same 
figures for comparison.
( 1  discontinuity
1
0<n<l
-1<E<1
1
Fig. 4-7. Regions of Inviscid Acoustic Solution.
0.6 •
KINETIC
ACOUSTIC
0.75 I 1.25
Fig. 4-8. Comparison of Kinetic and Acoustic. Number Density for 
A = 0.6 at T = O.I.
0.3
ACOUSTIC
KINETIC
0
0.75 1.251
Fig. 4-9. Comparison of Kinetic and Acoustic Velocities for 
A = 0.6 at T = O.I.
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1.1
KINETIC
1
ACOUSTIC
0.9
0.75 I 1.25
Fig. 4-10. Comparison of Kinetic and Acoustic Temperatures for 
A = 0.6 at T = O.I.
The free-molecule results give a smoothed out version of the 
acoustic results. The velocity and temperature reflect the same be­
havior in both cases, with the free-molecule results developing much 
less in magnitude than the corresponding linear acoustic results.
The effects of collisions would be to steepen the front of the kinetic
curves so that they would develop into a steep shock front. In this
respect, as it was seen for the one-dimensional expansion, the free- 
molecule results describe the embryonic development of the outward 
propagating shock.
Strong Explosions 
Strong explosions occur when the compression ratio A”  ^ is very
large. It is interesting to compare the case of a strong explosion
A = lO'S with the limiting case of expansion into a vacuum, A = 0.
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4
2
0
R
1.1 1.20.9 1
3
2
1
0
R
0.9 1 1.1 1.2
Fig. 4-11. Comparison of Velocities Fig. 4-12. Comparison of Tempera- 
for Strong Explosion and Expansion tures for Strong Explosion and
into a Vacuum for t  = 0.05. Exnansion into a Vacuum fort = 0.05,
For T = 0.05 the free-molecule velocity profiles for A = 10"^ and A = 0 
are shown in Fig. 4-11 and the corresponding curves for temperature are 
shown in Fig. 4-12. A steep velocity gradient is noted for the outward 
propagating velocity front for the strong explosion and a very strong 
temperature rise is found only for the strong explosion, A = 10"^ . For 
A = 0, an asymptotic expansion for large X = (R-l)/x shows that the 
velocity grows asymptotically like X whereas the temperature decreases 
asymptotically like 2/3R, which reflects the result that more fast 
molecules escape the spherical region than slow ones. In the continuum 
limit the Euler equations would yield isentropic solutions for expan­
sion into a vacuum. Thus smoothed-out shock wave behavior would be
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0.05
R
0.75 1.0 1.25
= 0.051
R
0.75 1.0 1.25
Fig. 4-13. Velocity for a Strong 
Implosion with A = 10^ at 
T = 0.05.
Fig. 4-14. Temperature for a Strong 
Implosion with A = 10^ at 
T = 0.05.
expected for strong explosions, but not for expansions into a vacuum.
The expansion behind the steep temperature rise in the strong explosion 
is also typical of the flow that develops behind a shock wave in a shock 
tube. Thus as in the one-dimensional study by Yates and Karamcheti, the 
free-molecule flow represents the embryonic formation of the shock wave.
Strong Implosion 
The spherical problem also allows for strong implosions. In 
Figs. 4-13 and 4-14 the large density ratio results for velocity and 
temperature are shown for A = 10^ and t = 0.05. In this case the com­
pression wave of the higher density exterior gas propagates inward and 
the steep velocity and temperature gradients reflect the initial de­
velopment of an inward propagating shock wave.
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H-Function and Entropy 
The non-equilibrium indicator, |Hq-S^|, discussed in Chapter 
III has a more significant application in this chapter. Since a 
shock wave is a highly non-equilibrium phenomena we would expect the 
non-equilibrium indicator to reflect the presence of the embryonic 
shock wave. For the strong explosion case with A = 10“  ^and t  = 0.05, 
Fig. 4-15 presents the non-equilibrium indicator profile. It is ov- 
vious that the maximum difference between the H-Function and the en­
tropy function occurs at R ^  1.15 which we label macroscopieally as the 
region of maximum non-equilibrium. That is, the gradients of macro­
scopic quantities are maximum there.
The behavior of the normalized H-Function and the entropy 
is plotted in Fig. 4-16 for A = 10“ ,^ A = 0, and x = 0.05. For 
A = 10"^, the two curves are qualitatively the same, being slightly 
greater than unity in the colder expansion region and slightly nega­
tive in the hotter compression region. The entropy curve, however, 
shows a much larger negative dip in the compression region'. For expan­
sion into a vacuum, A = 0, both curves are unity; the non-equilibrium 
indicator being zero everywhere indicating the absence of a region of 
non-equi1ibrium.
A further study of the non-equilibrium indicator for A = 10"^ 
and X = 0.01, 0.03, and 0.07 shows that the maximum value is approxi­
mately the same as that given in Fig. 4-15 and moves outward linearly
2 ifrom R = 1 at a speed  ^= 3(—) a^ . For air (y =7/5) the speed of a 
one-dimensional shock wave in a shock tube with a compression ratio of
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Fig. 4-15. Non-Equilibrium Indicator Profile for A = 10'^ at t=0.05.
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Fig. 4-16. H-Function and Entropy Function for Free-Molecule Flow, 
A = 10" A = 0, and t = 0.05.
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10^ [see Fig. 3.9 Liepmann and Roshko (1957)] is approximately 
Vg = 4.6ag. The region of maximum non-equilibrium seemingly propa­
gates outward slower than the one-dimensional shock. Possibly this 
could be anticipated in that the free-molecule values of velocity and 
temperature are less than the inviscid-acoustic values as shown in Fig. 
4-9 and Fig. 4-10. We conclude that the non-equilibrium indicator lo­
cates the region of embryonic shock wave formation and supports the con­
cepts developed in this chapter that by the analysis of collisionless 
kinetic theory for short times the embryonic development of spherical 
shock waves can be studied.
CHAPTER V
NEARLY FREE-MOLECULE FLOW EXPANSIONS
In this chapter we formulate a solution for large Knudsen 
number expansions with collisions. We consider Case 1 of Chapter 111 
with m^ = m^ and = 1 2 2* The governing kinetic equation for large 
Knudsen-number expansions is, as suggested by Kogan (1969),
= ËJ(f,f) (5.1)
where ë = L/A = Kn“ <^<l. The characteristic length L can be either 
the initial radius of the sphere or the distance traveled by a molecule 
having a thermal speed 3  ^as discussed in Chapter 1. The mean free
path X is assumed the same for all molecules. The left side of Equation
(5.1) is given by Equation (2.11) without the subscript i.
The kinetic equation is called the Boltzmann equation when we
let
J(f,f) = Jj - fJg (5.2)
where
and
•^ 1 = f'fjgbdbdEdl^
f^gbdbdEdg^ .
The integrations in and J2 are five-fold, three on velocity space 
g j , one on the impact parameter plane b and one over all angles e . 
These variables are shown in Figs. 5-1 and 5-2. Note that dg^ is the
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b ' =b
Center of Relative Motion
Figure 5-1. Collision Plane
/f|i
Figure 5-2. Orientation of Collision Plane.
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volume element in space and that J2 for instance gives the total 
number of collisions experienced by Ç-molecules with all E^-molecules. 
Furthermore,
f = f(r,ç,t)
)
(5.3) 
f{ = f(r,t{,t)
f  = f(r,1 ',t) 
= f(r,q,t)
and the velocity vectors before a binary collision between Ç-molecules 
and -molecules are unprimed and those after are primed. The relative 
velocity vector between the colliding molecules is given by g =
The initial condition for Equation (5.1) is Maxwellian and
given by
fgC?,!) = n^^(g/n)^/^exp(-8c2)[H(a-r)+6H(r-a)] . (5.4)
The differentiation of Equation (5.1) is carried out along the straight- 
line trajectory of a given molecule.
The form of the nearly free-molecule solution can thus be written
as :
f ( r , t , t )  = f ( r - | t , t ,  0) + ë J[r-t(t-x) ,t,T]dr (5.5)
0
where t  is some time between zero and t. A physical interpretation of 
this solution can be deduced from Fig. 5-3.
Consider a packet of molecules with velocity Ç and a density 
given by the molecular distribution function f(r,Ç,0) initially at A.
The packet traverses the path AC and undergoes a change in density ending 
up with a distribution function f(r,^,t). The net change in density is 
due to the integrated effect of inverse and direct collisions experienced
73
t
direct
T
inverse
0
ar
Figure 5-3. Graphie Interpretation of the Collisional Distribution 
Function.
by the packet. The inflow and outflow of molecules in the packet due 
to collisions as indicated at point B is typical. In general, collisions 
of (-molecules with (^-molecules result in ('-molecules and (^-molecules 
respectively (and vice versa).
It is possible to seek the solution of Equation (5.1) as a 
series of ë such that
f = f(°) + ëf(l) + 0(E2) . (5.6)
By substituting this series into (5.1) and equating like orders of ë we 
obtain a set of differential equations. For the purposes of this ana­
lysis we consider only the first-order approximation. The first-order 
differential equation is
(5.7)
where f^ °) is the zeroth order solution obtained previously for the 
collisionless problem, or
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= njj^(3/Tî)^'^^exp(-3ç2) [H(a-rg)+AH(rQ-a)] (5.8)
where Tq is given by Equation (3.8).
The solution to Equation (5.7) follows from (5.1), (5.2) and 
(5.5) and is written as
j|°^dT - f(°)
0
j(°)dr (5.9)
0
since f (r-Çt,^,0) = 0 to satisfy the initial conditions imposed.
To obtain the first-order solution the collision integrals 
and need to be evaluated. This will not be done in this
study. Instead, the basic integrals will be set up and a discussion 
of the direct approach to finding the limits of integration will be 
presented.
In order to make the Boltzmann equation determinate an inter- 
molecular force law must be assumed. For this study we shall assume 
psuedo-Maxwellian molecules [see Kogan (1969)]. Although this model 
does not particularly give an accurate representation of intermolecular 
forces in an actual gas it does afford a remarkable simplification of 
the collision integrals. This model allows us to write
gbdb = (16K/m)^pdp
where K is a constant from the interaction force F = 4K/r*^ with r* 
being the distance between centers of the molecules. The replacement 
variable p is a parameter defined as
p = b(mg2/16K)& .
For these so-called pseudo-cutoff Maxwellian molecules we can
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write the collision integrals of Equation (5.2) as:
£(o)ifCo)ipdpdedÇj
and
Jz = A
(5.10)
(5.11)
where A = (16K/m) pdpde, a finite value.
From Equations (5.11), (5.8), and (2.2) the collision integral 
is easily evaluated to give
= An*-°^  (r,t,t) . (5.12)
The evaluation of Jj is not as straightforward as owing to the term 
f(°)'f^o)t in Equation (5.10). The molecular distribution functions 
of the Ç'-molecules and Sj-molecules are written as
f(°)' = n;i(B/n)3/2exp(-GS'2)[H(a-r^)+AH(r^-a)] (5.13)
and
= nj^(B/TT)"'"exp(-eçp[H(a-r^p+AH(r^j-a)] (5.14).3/2, ,2
-y
where r^ and r^^ are given as a fnc(r,Ç,t,Çj,p,e). The constants of
integration r^ and r^ j are written as
.i2 = r^  + 2rÇ^t + Ç'^t^
and
« 12 — 7.2
ol r^  + 2rq^t +
(5.15)
(5.16)
with the relation between Ç', and Ç, given by
• _ /■ A - /N
S' = S + (g'e)e (5.17)
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and
Çj = ?! - (g*e)e (5.18)
where (g'ê)ê is the component of g parallel to the apse vector ê shown 
in Fig. 5-1.
The substitution of Equations (5.13) and (5.14) into Equation 
(5.10) gives
-3Çf~ ^
e Hpdpdedg^ (5.19)
Considered in the writing of the exponent of Equation (5.19) is the 
conservation of energy of a collision which gives
Ç.2 + çi2 = g2 + %2 _
The function H is a product of the Heaviside functions of Equations 
(5.13) and (5.14) and is written as
H = + (1-A) H(a-r^)H(a-r^^)+(A-A^)[H(a-r^)+H(a-r^j)] .
Thus Equation (5.19) can be written as the sum of four integrals:
= (16K/m)*n2i( 8 / w ) 3 e x p ( - B G 2 ) [ A 2 l ^ + ( A - A 2 ) ( l 2 + l 3 ) + ( l - A )
where
'l =
I3 =
exp(-BÇpdÇj^pdpde
exp(-BÇj)H(a-r^pdt^pdpde
exp(-6ÇpH(a-r^)d|^pdpde
(5.20)
(5.21)
(5.22)
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and
I4 = exp(-eç2)H(a-r^)H(a-r^pdÇ^pdpdE . (5.23)
The integrations of Equation (5.20) is straightforward, however, 
the evaluation of Equations (5.21) through (5.23) is much more compli­
cated. This complication arises not because of the integrand but be­
cause of the limits of integration. The determination of these limits 
requires defining the spheres of integration rg^< a and ^ < a  in Equa­
tions (5.21) and (5.22) such that the limits are expressible as
(r,Ç,t,p,e). The domain of integration of Equation (5.23) re­
quires determining the intersection of the two spheres of integration 
given above.
In keeping with the purpose of this chapter we have formulated 
the collisional solution for nearly free-molecule flow expansions.
The relation (g'ê)ê that is necessary to convert the primed molecular 
velocities to unprimed molecular velocities by means of Equations (5.17) 
and (5.18) is given in Appendix C.
CHAPTER VI 
EXPANSIONS FOR SMALL KNUDSEN NUMBERS
For the last portion of this study we examine the viscous ef­
fects of spherical explosions by considering the continuum limit where 
the Knudsen number, based on the characteristic length L = g t, goes 
to zero. The general characteristics of the short-time, weak explosion 
results are presented. For completeness of discussion the long-time 
solutions obtained by Rasmussen (1972) are included.
We consider the spherical expansion problem described by Case 
1 in Chapter 111 where the gases inside and outside the sphere are the 
same and at the same initial temperature but,have a density differen­
tial. As time progresses after the removal of the sphere boundary, for 
Kn->0, collisions increase in their importance until after a sufficient 
number of mean free times (average time between collisions) they become 
dominate. The proper equations, except in the region of the outward 
propagating shock wave present in sufficiently strong explosions, are 
the Navier-Stokes equations.
The exact general solution to the highly non-linear, viscous, 
heat conducting set of governing equations is indeed a difficult, if 
not impossible, problem. In this chapter a method is presented for 
obtaining an explicit viscous acoustic solution by linearizing the 
Navier-Stokes equations about a uniform ambient medium and applying
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Laplace-transform techniques. This method has been used by Lick (1967) 
and Bienkowski (1965) to solve similar one-dimensional expansion pro­
blems .
By means of the viscous acoustic form of the Navier-Stokes 
equations we limit the application of the results to weak spherical ex­
plosions and must keep in mind that certain strictly non-linear phenom­
ena will not be obtained in this way. The linearized analysis is, how­
ever, interesting not only from an analytical point of view but also 
can give important insight into the role of the non-linear and convec­
tive terms as well as the various wave and non-wave aspects of the pro­
blem.
The Viscous Acoustic Equation 
We linearize the Navier-Stokes equations and combine them into 
a single equation for the velocity potential (Ji (see Appendix D for de­
tails) which is written as
1+ |pr aZyZ* Y Pr
yv‘+(J) - — ---- -5- — ] + --------------   [(|) -a^ v^ cj)] = 0 (6 .1)
t W/P22 Y+§Pr (Ü/P22)
where Pr = is a Prandtl number
jj = ^  is an effective viscosity coefficient 
Cp is the specific heat at constant pressure 
Y is the ratio of specific heats, 
a^  is the isentropic speed of sound and 
K the conductivity.
Both (j and K are considered the ambient values. Equation (6.1) is 
called the viscous acoustic equation. It is a linearized fifth-order
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partial differential equation which is fourth-order in space deriva­
tives and third-order in time derivatives.
The general features of the solution can be deduced directly 
from Equation (6.1) and verified by obtaining an explicit solution. 
Initially the motion is diffuse since for short times the highest 
order term dominates. Next a wave which travels at the speed 
[a^/CY* j Pr)]^ tends to form as shown by the second term in Equation
(6.1). This wave decays and the wave from the third term forms which 
propagates at the isentropic speed of sound. The isentropic wave de­
cays as a result of the distribution of the energy of the disturbance
over a larger spherical area as the perturbation propagates outward.
Equation (6.1) can be non-dimensionalized and rearranged to 
give a simpler expression. Owing to spherical symmetry the mean notion 
is in the radial direction so that independent variables of interest 
are r the radius and t the time. Their non-dimensional form is given 
by:
t = and f = ’ (6 -2)
To simplify the problem we assume that Pr = 3/4 in Equation
(6.1). The problem can be solved for an arbitrary Prandtl number but
inversion of the Laplace transform would be greatly complicated. It 
has been founded by Bienkowski (1965) that the one-dimensional expansion 
solution is only weakly dependent on the Prandtl number and by assuming 
a value of 3/4 there is little loss in generality. This will be assumed 
true for the spherical problem as well. We have shown in Chapter III 
that the Prandtl number for Case 1 is 5/6. This is the same value
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obtained by Yates and Karamcheti (1967) for their one-dimensional ex­
pansion problem. Also the assumed value does not vary significantly 
from the equilibrium value of 2/3.
The non-dimensional form of Equation (6.1) with Pr = 3/4 is 
given by:
- (l+y)?^#-- + <!>___ - V^({)_ + V**!}) = 0 . (6.3)
t tt ttt t
The initial conditions for this equation of motion are given by:
p'(r,0) = 6H(a-r) 
u'(r,0) = 0
and
T'(r,0) = 0
where
p (r,t) = P22,(l+ P ' )
u(r,t) = agU' is the radial velocity
T(r,t) = T (1+T')
and
Ô = (1-A)/A<<1
with the primed quantities much less than one. The boundary conditions 
are:
for r-*-“ : p' = T' = u' = 0
and
for r-> 0 : u' = 0 and p', T' are finite, and at
r = a the continuity of u', p ', T ', and T^ must be satisfied.
The Laplace Transform Solution 
The solution to Equation (6.3) can be obtained by means of
Laplace transforms. Those characteristics which suggest that it is
worthwhile to try the Laplace transform technique are as follows:
(1) the differential Equation (6.3) is linear, (2) at least one variable
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(t) has the range zero to infinity and (3) there are appropriate ini­
tial conditions involving the variable in (2).
We let the Laplace transform be defined by
e"^ (^j)(r,t)dt
in which f is treated as a constant parameter in so far as the Laplace 
transform is concerned. The Laplace variable under che transform is s. 
We shall assume that the operations of differentiation with respect 
to r and Laplace transforms with respect to t are commutative.
The initial conditions derived in Appendix D, are written as:
*Cr,0) = 0
= - (6/y)H(a-r) (6.4)
*tt(r,0) = 0 .
Applying standard Laplace transform techniques to Equation (6.3) and 
using the initial conditions given by Equation (6.4) we obtain the 
Laplace transform equation:
(YS+l)V^ÿ - [(y+l)s2+s]v2^ + = - s(6/y)H(a-r) (6.5)
with boundary conditions
for r^°°: ÿ(r,s) = 0
for r -> 0 : ÿ(r,s) = 0
and at r = a, ô and its first three derivatives with respect to r are 
continuous functions. In Equation (6.5) and henceforth the tildas 
have been dropped.
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The solution to Equation [6.5) has the form ÿ = w/r. Substi­
tuting this relation into Equation (6.5) and evaluating the resulting 
fourth-order, linear differential equation we obtain
w =
A, sinhX,r + B,sinhA^r - , r < a
(6 .6)
Age-Air + Bge-Azr r > a
arewhere = s^ , X ^  = s/(y s +1)^ and the coefficients A^   ^ B^   ^
unknown functions of s.
In order to solve for the unknown coefficients A^  ^^nd B^   ^
the velocity, density, pressure and temperature relations are first 
found from:
(6.7)
and
p' = - [6H(a-r)-w^^/r]
T' = p' - p' ,
(6 .8)
(6.9)
(6 . 10)
perturbation flow quantities derived in Appendix D. The coefficients 
are then found by solving simultaneously the continuity relations at 
r = a for ü' , p ' , f' and T\
The general transform solutions are:
AjXiCoshXir + BiX2CoshX2r A^sinhXir + BisinhX2r
, r< a
r > a
(6.11)
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P ' =
 ^ X^A^sinhXjX + XlB^sinhX^r
], r < a
X?A.e-Air + xSB.e-Azf
2 2 , r > a
and
(6.12)
T' =
AjSinhXj^r - B^X^(y-1)sinhX^r
r < a
Age'^l^ - B2Xi(Y-l)e"^2^
r > a. (6.13)
The pressure p' follows from Equation (6,10). 
The expressions for A^  2 B^  2
6 (y-l)Xi(Xia+1) 
XiK(s)
-Xaa
“X1 a
1^ XzK(s)
6X1 (y-1 )
—^  [(Xia-l)e^l^+(X}a+l)e-X 1 an
and
where
2 2K(s
B] = - 2Xl#(sT [(%2a-l)eA2*+(X2a+l)e-A2a]
(6.14)
(6.15)
(6.16)
(6.17)
K(s) = X2 + xJ(Y-l) .
These transform solutions are complicated functions of s and 
the inversions cannot be done exactly. Analytical solutions for 
Equations (6.11) through (6.13) can be obtained by considering two 
limiting cases, long times (s-> 0) and short times (s->■ °°), (see Carslaw
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and Jaeger (1963) for the mathematical notions involved). The short- 
time solutions have been obtained in this research work. Long-time 
solutions for T' and p' have been obtained by Professor M. L.
Rasmussen and plotted from numerical results obtained by K. Frair on 
the IBM 1130 computer. These results are included in this chapter 
for completeness of discussion.
Analytical Short-Time Solutions 
The short-time solutions are obtained by considering s large 
and expanding the terms of the transformed flow quantities in an asymp­
totic expansion of 1/s and keeping sufficient terms in order to satisfy 
the appropriate initial and boundary conditions of Equation (6.3). The 
velocity and density are determined by the A^  coefficient for r< a, 
keeping terms to order (Xja+l), and the A^ coefficient for r >a to
order (Xjatl) . To determine the temperature both the A^  and
coefficients for r < a are needed, keeping terms to order (X^ a+l)
sJ/ /
and — ^ j 2 (%ia+y^), and for r > a the Ag and B^  coefficients are needed,
1 1  ^keeping terms of order (Xia±l) and ~ ( X i a + y  ). The short-time
results are found to be:
u' = [exp(-R2)-exp(-R2)]- [exp(-Rp-exp(-R^)]} (6.18)
2it rt f
p' = y {erfRj + erfR^ - [exp(-R2)-exp(-R2)]} (6.19)
and
T' = - Y {erfR^  + erfRg - erfR^  - erfR^  - [exp(-R^ )
-exp(-R^ )-yi[(exp(-R|) -exp(-R%)] ]} (6.20)
86
where , R_ = , R„ = 1 , and R. = ^ ^ , , and where t
1 2t* 2 2t* 3 2(Yt)* 4 2(Yt)=
and r are the non-dimensional variables given by Equation (6.2).
The profiles of the flow quantities are given in Figs. 6-1 
through 6-3 for 4t/a^, a non-dimensional time factor, equal to 0.01, 
0.1, and 0.5. The profiles reflect the diffuse nature of the short- 
time solutions given by the highest order term of Equation (6.1) as 
discussed above. The qualitative form of the profiles compares with 
the diffuse results obtained in Chapters III and IV for Case I free- 
molecule explosions. A noticeable difference, however, exists between 
the analytical expressions obtained by free-molecule kinetic theory 
and the above short-time, viscous-acoustic results. The free-molecule 
solutions are functions of t in the form r/t whereas the short-time 
linearized solutions obtained herein are functions of t^  in the form 
r/t^. A comparison of applicable time scales is necessary to under­
stand which of these two short-time solutions are valid.
In this chapter we assumed the governing characteristic length 
to be L = 6 "^ t. We then can write the Knudsen-number as
Km = . (6.21)
S'*t
The mean free path X can be expressed as a function of initial sphere 
radius and a Reynolds number [see Vincenti and Kruger (1965)] or
X = ^  . (6.22)
For the large Knudsen number limit in Chapter 111 we defined a non- 
dimensional time T = t/ag^ and for the small Knudsen number limit (the
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inviscid acoustic solution) we defined the non-dimensional time as 
Tg = tag/a. In terms of the time factors and Reynolds number Equation 
(6 .21) is written as
i
for the continuum limit and
,^.24)
for the free-molecule limit.
The time scale appropriate for a valid application of the linear­
ized Navier-Stokes solution is thus found to be
Tc>> . (6.25)
The appropriate time scale for the validity of the free-molecule results 
is
The Navier-Stokes equations are valid only after collisions 
become dominate. Thus the short-time diffusion solutions to the viscous- 
acoustic equation are of questionable value. The fact, however, that 
the short-time solutions obtained are diffusion solutions which compare 
qualitatively with the free-molecule results is of interest in under­
standing the development of the outward propagating shock wave as dis­
cussed in Chapter IV.
It is also of interest to note that the velocity function 
given by Fig. 6-2 is not normalized with the isentropic speed of sound 
but instead by an effective speed
1 4t/à 0.01
0
Fig. 6-1. Short-Time Density Profiles.
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Fig. 6-2. Short-Time Velocity Profiles Fig. 6-3. Short-Time Temperature Profiles.
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The Long Time Solution 
The long time solutions for the temperature and density are 
shown in Figs. 6-4 and 6-5. These are wave-like solutions which cor­
respond to the third t e r m  in Equation (6.1), the long-time wave solu­
tion. Actually the name given to this solution is a misnomer in that 
these solutions are valid for t->“. The non-dimensional time given by 
Equation (6.2) can be recast as a product of a Reynolds number,
Rey = a ^ P 22^ / ù ) and the non-dimensional time defined for the inviscid 
acoustic approximation in Chapter IV, = a^t/a, that is, t = Rey 
Thus for an arbitrary x^  we can study the effects of t->“ by letting 
the Reynolds number become large.
It is shown in Figs. 6-4 and 6-5 that for x^ = 1.5 and for in­
creasing Reynolds number, or decreasing viscosity, the viscous acoustic 
long-time solution approaches the inviscid acoustic solution of Chapter 
IV. An observed difference in the viscous and inviscid acoustic solu­
tions is that the inviscid solution has weak discontinuities at the 
wave fronts whereas the viscous result is a continuous function. The 
inclusion of the viscous terms cause the discontinuities to spread out 
yet still reflect the location of the wave fronts.
From Fig. 4-6 we can see that there is a secondary shock that 
propagates towards the origin behind the inward propagating expansion 
wave. After this secondary shock wave is reflected from the origin 
there are then two outward propagating shock waves. The linearized 
version of the reflected secondary shock is included in the viscous- 
acoustic long-time solution. As it propagates outward a residual temper-
Y-1
2T'
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Fig. 6-4. Long-Time Viscous Acoustic Temperature Profiles for Varying 
Reynolds Number.
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Fig. 6-5. Long-Time Viscous Acoustic Density Profiles for Varying 
Reynolds Number.
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ature and density remain behind for R < 1. The residual temperature 
and density are a result of the initial entropy discontinuity given 
by Equation (4.8) not being dissipated by the neglected non-linear 
terms. These residual effect are reflected in the temperature and 
density profiles of Figs. 6-4 and 6-5. (For very large values of 
on the order of the Reynolds number, this would not be true since the 
error function in the mathematical solution would then become important 
and affect the dissipation of this residual effect. That is the heat- 
flux terms of the linearized Navier-Stokes equations come into play.)
Another phenomenon that shows up in the linearized viscous 
solution which would not be present in the exact solution is the lo­
cation of the contact surface at R = 1 for all times (less than times 
of the order of the Reynolds number). A solution that would include 
the non-linear terms would include a contact surface that would pro­
pagate outward from R = 1 as reflected in Fig. 4-6.
CHAPTER VII
CONCLUDING REMARKS
A comprehensive study has been presented on the propagation 
of an initial spherical uniform density discontinuity into a rarefied 
medium. Two limiting cases have been analyzed by means of two differ­
ent theories of gas dynamics, the large Knudsen-number limit of kinetic 
theory and the small Knudsen-number limit of continuum theory.
Chapter II included a theoretical development of the expansion 
problem from the kinetic theory point of view. In Chapter III further 
knowledge of 2-species kinetic theory was obtained by considering three 
special cases: Case I assumed that the gas molecules initially inside 
and outside the sphere had the same mass and same temperature; Case 2 
assumed that the gas initially inside the sphere was hydrogen and the 
gas outside the sphere was air, various initial temperature ratios were 
considered; Case 3 assumed a dissociated gas inside the sphere and a 
gas outside in its undissociated state. The effects of the transport 
properties for free-molecule expansions were discussed and the related 
transport coefficients were found. Case 1 was considered further in 
Chapter IV for large compression ratio explosions and implosions. A 
description of the embryonic formation of a spherical shock wave was 
presented. Also for large Knudsen numbers a solution of the Boltzmann 
equation was formulated in Chapter V in order to obtain first-order 
collision effects.
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For the limit of small Knudsen numbers the spherical expansion 
problem was examined in Chapter VI by obtaining long-time and short- 
time viscous acoustic solutions from the linearization of the Navier- 
Stokes equations about a uniform ambient medium. The solutions were 
obtained by applying Laplace transform techniques.
The combined effect of the solutions presented in Chapters IV 
and VI give us a phenomenological description of the propagation of an 
initial spherical density discontinuity. For small times, prior to 
collisions, the free-molecule, diffusion solutions describe the embryo­
nic formation of the outward propagating shock wave when P 11^ ^ 22 ' 
viscous-acoustic, long-time solutions gives insight into the wave so­
lution after the shock has formed. The completion of the solution for­
mulated in Chapter V for first-order collision effects would fill the 
gap between the short-time and long-time solutions presented. This 
first-order collision solution should also provide a description of 
the development of the secondary shock.
This spherical expansion problem has other interesting areas 
which remain to be studied. The work presented covers only a part of 
the full range of Knudsen-number regime, namely the two end limits. 
Further work should include the intermediate range of Knudsen numbers.
One approach would be to examine the problem by means of the 
13-moment equations. This could be done by means of an exact solution 
or by linearizing the equations and obtaining an expression akin to that 
obtained in Chapter VI in terms of a velocity potential.
A solution could be sought by linearizing the Boltzmann equa­
tion or some other model of the collisional kinetic equation. This
94
would provide a description valid throughout the full range of Knudsen 
numbers.
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APPENDIX A
BASIC INTEGRAL RELATIONS
The two basic integral relations that must be evaluated in 
order to find the macroscopic flow field properties by means of Equa­
tion (2.3) are
m^ “ o
r  2 r 2 
(•Y _e(T -S) _6(:^+Ç)
= S [e  ^ +e ]dç (A.2)
where m = 1,2; n = 2,4 and Y is some upper limit. The first step is 
to transform Equations (A.l) and (A.2) by substituting the relation
We obtain a series of moment integrals of the form
J = n
B n _x2
X e dx (A.3)
where n = 0,1,2,3; A = R/x and B = (R±I)/x. The first four moments 
of Equation (A.3) are of interest for this work. Their evaluation 
gives
= ~  [erfB-erfA] (A.4)
J, =
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and
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= i[Ae"^ -Be"® ]+ ^  [erfB-erfA] (A.6)
J3 = i[(A2+l)E"A^-(B2+l)e"®^] . (A.7)
The basic integral relations of (A.l) and (A.2) can then be 
evaluated to give: for Y = a/x:
1^  ^ *2]+ [erfRi+erfRg] , (A.8)
] _R? _Rp r2
I2 = - ^ ^ [ ^ 2 6  +Rie [i+^][erfRi+erfR2], (A.9)
I- = ^  [—  (l-R+R2+x2)e"^^- (l+R+R2+x2)e"*^
^ j2 *^2
i -7
+ —  (y Rx2+R3)(erfRi+erfR2)] , (A.10)
and
( - 1 * R - R ^ * r 5- I  I  R T 2 ) e - * '
- — (1+R+R2+r3+ I- x2+ 1  Rx2)e"^^
2 2
+ ^  (^ x4+3R2x2+R4)(erfRi+erfR2)] (A.11)
where Ri = (l+R)/x and R2 = (l-R)/x;
for Y = “>:
h - T T  (A-12)
^2  ^^3/2 "^72  ^ (A-13)
1 3 = ^ 7  (A'14)
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and
n* .3 3R2 R\
'4 = ;s72 '7 * ^  V ’
(A.15)
APPENDIX B
ASYMPTOTIC VALUES OF FLOW FIELD PROPERTIES
To more fully understand and appreciate the description of 
the flow field properties obtained in Chapters III and IV the asymptotic 
values for both large R and small R must be examined. This is accomp­
lished by considering the asymptotic expansions of the solutions for 
each limit.
Asymptotic Behavior for Large R 
First the asymptotic expansion of the two basic terms which ap­
pear throughout the solutions will be found. These are
E = e-*i-e-*2 (B.l)
and
F = erfRi + erfR2 (B.2)
where Rj = (1+R)/t and R2 = (1-R)/t . For large R we can write Equation 
(B.l) as
E = . (B.3)
where X = [(R-1)/t ]>>1 and [4R/t^]>>1. Likewise we can write Equation 
(3.2) as
F = erfcX - erfcR^- erfcX
where
I 3
erfcX - -^T—  [1- — + — +•••] • (B.4)
TT^ X 2X2 4X4
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By substituting the asymptotic expansion given by Equations 
(B.3) and (B.4) into the various solutions we obtain the following 
asymptotic limiting values for Cases 1 and 2 from Chapter III and for 
the special case of expansion into a vacuum:
Number Density
N
A for Case 1
m.
A —  for Case 2 (p~A) 
™2
2tt^ X 2X" 4X
(B.5)
■] for A = 0;
Velocity
V -
0 for à  ji 0
X[l+ ~  (1- 2^ ) +
(B.6)
] for A = 0 ;
Temperature
1 for Case 1 
T,22
'11
for Case 2
^  + 0(-y) for A = 0;
(B.7)
JJ
Stress Components 
- A for Case 1
™1^22 -A — =—  for Case 2
"’2'^ 11
0 for A = 0
(B.8)
where J = R,8 ,^ ;
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Heat Flux
Q ~ 0 for all cases. (B.IO)
Asymptotic Behavior for Small R 
In order to investigate the flow field properties near R = 0 
we expand the exponential terms as
exp(- üî|2_)
C - 4 * - i r ) T
OCR**)]
and obtain the asymptotic form of Equation (B.l) as
(B.ll)
E -
^  (1- -^) for T>>1
^  for T > 0
0 for T<<1 .
(B.12)
The asymptotic forms of the error function are
A  ri . J_) 
ni I? 3r3^
for T>>1
erf(l/i) for t >0
2 for T<<1 .
(B.13)
By substituting the asymptotic expansions given by Equations 
(B.12) and (B.13) into the solutions from Chapter IV we obtain the 
following asymptotic values:
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Number Density
N
A + for T>>1
TT&T
(1-A)er£(l/T) for t>0
for T<<1
Velocity
V ~
for T>>1
4(l-A)Re-1/x'
3ïï^ N(R->
for T > 0
for T<<1
(B.15)
Temperature
T -
for T>>1
4(1-A)e-1/x'
3w*N(R+0,T)T3
for T > 0
1 for T<<1 .
(B.16)
A further study of the temperature at R = 0 has been made to 
determine the time that the minimum temperature occurs at the origin 
and the minimum temperature itself. These values are shown in Figs. 
B-1 and B-2 as a function of the initial density ratio. The time that 
the minimum temperature occurs at R = 0 is found from the derivative 
of Equation (4.3) with respect to time set equal to zero. The trans- 
endental equation obtained is
105
(2-3T2)[A+(l-A)erfCl/T)] + ^ _ (B.I7J
ÏÏ*
We can examine three significant cases, A = 1, A->0 and A a n d  o b ­
tain from Equation (B-17) the following: 
for A = 1 ;
2 - 3x2 = 0 (B.18)
for A ^  0;
(2-3x2)erf(1/t) + ^  e = 0 (B.19)
and
for A ^
-2
(2-3x2) (l-erf(l/x)) - ^  = 0 . (B.20)
The results of these equations are shown in Figs. B-1 and B-2. There 
is a discontinuity in Fig. B-2 at x = .816 for A = 1. From Equation 
(B-16) we find that t = 1 when A = 1 or the temperature is independent 
of X wh en the initial density ratio is equal to unity. We can also 
observe that as A 0 the minimum temperature goes asymptotically to
zero but it takes an infinite time.
The behavior of the temperature at R = 0, as well as for all R,
for increasing time, is observed in Fig. B-3. From Fig. B-2 we can o b ­
tain the time that the minimum temperature occurs (approximately x=1.2) 
and from Fig. B-1 the minimum temperature at the origin (approximately 
t = .45) can be obtained.
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Fig. B-1. Minimum Temperature at R = 0 as a Function of the Initial 
Density Ratio.
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Fig. B-2. The Time for the Minimum Temperature to Occur at R = 0 as a 
Function of the Initial Density Ratio.
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Fig. B-3. Temperature Profiles for A = 0.1 and Increasing Time
APPENDIX C
ANALYTICAL EVALUATION OF (g-e)e
We refer to Figs. 5-1 and 5-2 for the evaluation of the quan­
tity (g’ê)ê. From Fig. 5-1 we can write the apse vector ê as the sum 
of a parallel component and a perpendicular component with respect to 
g. This is expressed as
-»e = e„ + e^
where e,, has the magnitude |e„| = sin|- and is in the direction -g, and 
e^ has the magnitude |e^ | = cosj and is perpendicular to g with the 
unit direction vector given by
é . - -iïi-
g
where L is the angular momentum. From the definition of a scalar pro­
duct we have
g*e = - gsin|- .
Thus we can write
(g*ê)ê = - gsiny[-sin^ ^  - c o s ^ . (C.l)
g  I L x g I
In order to obtain a useable expression for Equation (C.l) we 
must evaluate ê We write Î and g in terms of the unit vectors shown 
in Fig. 5-2 as
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î = Ljêj * Lgê; * Ljêj
g = glê, + goê, + g,ê,
and
"  "  ''1"1  ^&2=2 " »3"3
The components of g are known from g = - Ç. The components of t
need to be determined.
From vector calculus we know that the cosine of the angle be­
tween two planes can be expressed as a relation of their normal vectors,
or
' % | % |  •
Since g lies in the collision plane and since t is perpendicular to 
g we have
î-g = 0 . (C.3)
From the definition of Î and knowing that the angular momentum is con­
served we can show that
|î| = L (C.4)
where L = mgb.
Equations (C.2) through (C.4) give three equations with which 
we can find the three unknown components of t. In scalar form these 
equations are written as
Loose(g|+g|)* = gjL^ - gjLj (C.5)
“■I*! * h h  *  h h  ‘ °
and
lJ + l2 + l2 = l2. (C.7)
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After solving the scalar equations we find
Li =  g sine (C.8)
gg cose - g g.sine
L- = L — ------- M ---- (C.9)
 ^ gCg^-gJ)*
and
-gg.cose + g,g_sine 
L_ = L -----------      . (C.IO)
The signs in the above results are chosen to match those of Vincenti 
and Kruger (1965) obtained by a geometrical analysis.
The unit vector can then be evaluated to give
ê = - =----:— :—  (g2-g2)coseê, - (g g_cose+gg sine)ê
|Lxg| g(g -g}) 1 1 1 2  3 2
- (g^ggCose-gggSinejêg. (C.ll)
The substitution of Equation (C.ll) into Equation (C.l) gives 
the necessary relation to obtain and Ç' in terms of unprimed vari­
ables from Equations (5.17) and (5.18).
The results given by Freeman (1967) for g can be obtained by 
letting êj = and taking the scalar product with Equation (5.18).
For this relation to be useful in the integration limit of Equation 
(5.21) it will still be necessary to express the components in terms 
of Ç components.
APPENDIX D
DERIVATION OF THE VISCOUS ACOUSTIC RELATIONS
The linearized version of the compressible viscous Navier-Stokes 
equations are
| ^ +  a divv' = 0 , (D.l)
OU 0
—  Vp' + ^  V(V-v') , (D.2)
à z Y P22
> (D-3)3t P 2 2 \
dp ' = dp ' + dT ' , (D. 4)
and
dp' = ydp' + ds' (D.5)
where the primed quantities are given by the relations of (4.15) and 
the other terms are defined after Equation (6.1).
Owing to the spherical symmetry of the problem which is one­
dimensional in r, we have curlv' = 0, or the flow is irrotational so 
that the velocity in Equations (D.l) and (D.2) can be expressed in 
terms of a velocity potential v' = V(j>. Substituting V((i for v' we ob­
tain for (D.l) and (D.2)
1 ^  + = 0 (D.6)
and
“  + ^  P' - -^- 92* = g(t) (D.7)
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where g(t) results from integrating over r. We let g(t) = 0.' 
Differentiation of Equation (D.7) gives
° ■ (0.8)
^22
Then by substituting the time derivative of (D.5) and the relations
(D.3) and (D.l) into (D.8) we obtain
4p_„Pr _
V^T' = -----  [--- V^(j) + • (D.9)
30a„ 'P22 ‘ "
Combining the time derivatives of (D.4) and (D.5) with (D.3) and
(D.9), and operating on the results with the operator we obtain
v2t' = JL v2 [-i_ v2(j) -tj) ] + a . (D.IO)
%  ^22 °
We eliminate T ' by taking the time derivative of (D.9) and setting 
the right hand side equal to the right hand side of (D.IO). After 
rearrangement we obtain Equation (D.l), the viscous acoustic equation.
Other relations of interest in Chapter VI are the initial con­
ditions for the Laplace transform of the viscous acoustic equation and 
the transforms of the flow variables.
We refer to the initial conditions of (6.3) and the conservation 
equations to find the relations given in (6.4). We assume that ini­
tially the potential function is zero. The first time derivative of 
the potential function is found from Equations (D.4) and (D.7)
From (D.4) we have
p'(f,0) = p'(f,0) = ôH(a-r) (D.ll
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since initially T' =0. From the non-dimensional form of (D.7) with 
g(t) = 0,
P' = (D.12)
which at time zero is
p'(f,0) = - Y*((r,0) . (D.13)
Thus by substitution of (D.ll) into (D.13) we obtain (6.4). It im­
mediately follows that ())^ (^r,0) = 0.
The relations given by (6.7), the Laplace transform of the per­
turbation quantities, are easily obtained. The radial component of the 
velocity perturbation follows from the definition of the velocity po­
tential. The density relation (6.8) follows from the Laplace trans­
form of the non-dimentional form of (D.6), or
L{pp = sp ' = - + p'(f,0) (D.14)
where p ’(r,0) is given by Equation (6.3). We can write the first term
on the right hand side of (D.14) as
i (2*_+fô__) .
From the definition of w = f* we write the second derivative of w as
“tî- = ■
Thus we obtain the density relation
w_ ~
sp' = ÔH(a-r) -
r
The transform temperature (6.10) is obtained from the Laplace 
transform of the time derivative of (D.4) which gives
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T' = - p' + p' (D.16)
where p' follows from the Laplace transform of the non-dimensional 
form of (D.7). The density p' is given above. From (D.7) we obtain
s$ + ^ p' - = 0
or
P- = - s ]^ . (D.17)
r r
